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THE STONE-CECH COMPACTIFICATION
AND WEAKLY FRECHET SPACES

DEBORAH M. KING AND SIDNEY A. MORRIS

This paper resulted from an attempt to answer questions like: does /3P have
a subspace homeomorphic to /3Q and does /3Q have a subspace homeomorphic
to P , where P denotes the space of all irrational numbers. These questions are
answered in the negative by providing the appropriate machinery which can also
be applied to other examples. En route we prove that weakly Frechet realcompact
spaces have homeomorphic Stone-Cech compactifications if and only if they are
homeomorphic.

NOTATION: If topological spaces X and Y are homeomorphic we write X = Y.

DEFINITION: A topological space Y is said to be a weakly Frechet space if every
point in Y has a sequence of distinct points in Y converging to it.

Some examples of weakly Frechet spaces are: infinite first countable spaces with
no isolated points, metrizable spaces with no isolated points, infinite Frechet spaces
with no isolated points, infinite path-connected spaces, infinite locally path-connected
spaces, the product space Yl X% > where an infinite number of the Xi have at least two

points, and the product space X xY where X (or Y) is a weakly Frechet space.
If X is any Tychonoff space, then any continuous map of X into [0, 1] can be

extended (uniquely) to a continuous map of the Stone-Cech compactification of X,
j3X, into [0,1]. However, it is not true (for arbitrary X) that every continuous map
of X into R can be extended to a continuous map of /3X into R . This leads to the
notion of realcompactification of X.

DEFINITION: Let X be any Tychonoff space. Then the largest subspace Y of /?X
for which every continuous map into R can be extended to Y is known as the (Hewitt)
realcompactification of X, and is denoted by vX.

DEFINITION: If X is a Tychonoff space such that vX = X, then X is said to be
realcompact.
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The class of realcompact spaces includes all separable metrizable spaces. (See [2,
8.5].)

Note that for any space Z such that X C Z C /3X, PZ = PX (see [2, 6.7] ) and
in particular (3(vX) = f3X as X C VX C PX.

THEOREM 1. Let X be a Tychonoff space. If yo £ (3X is such that there exists
a sequence of distinct points yn —> j/o > where yn € PX for each n £ N , then yo £ v% •

PROOF: Suppose y0 6 /3X \ vX and yn —> yo m PX > where yn ^ y0, for all
n G N . Put D = {yn : n G ISI}. Then D is a discrete subspace of 0X with a limit
point in @X\vX. By [2, 9.10 and 9.4] D contains a subspace N homeomorphic to N,
such that c\pxN = @N- Observe that cl^x-^ is uncountable as it is homeomorphic to
the uncountable topological space /3N. (See [2, 6.10].) As D U {yo} is closed in f3X,
we have that D U {yo} = dpxD which has c\pxN as a subspace. Therefore D U {yo}
is uncountable, which is a contradiction. Hence y0 € vX. D

COROLLARY 2 . If X is any Tychonoff space and Y is a weakly Frechet subspace
of PX, then Y C vX.

COROLLARY 3 . If X is any realcompact Tychonoff space and Y is a weakly
Frechet subspace of PX, then Y C X.

EXAMPLE 4: Observe that Q is a realcompact Tychonoff space and P, being a
metrizable space with no isolated points, is a weakly Frechet space. Suppose that P is
homeomorphic to a subspace of /3Q. Then, by Corollary 3, P would be homeomorphic
to a subspace of Q. But Q is countable while P is uncountable. Hence, P is not
homeomorphic to a subspace of /?Q.

Noting that vX — pX if and only if X is pseudocompact ([2, 61 and 4, 1.53]), we
obtain:

COROLLARY 5 . If X is any Tychonoff space which is not pseudocompact, then
PX is not weakly Frechet.

REMARK 6: The above result shows that, while the class of weakly Frechet spaces
is very large it certainly does not include all infinite compact Hausdorff spaces.

COROLLARY 7. [3, 3.2] Let X be a Tychonoff space and f : [0,1] -» 0X any
non-constant path. Then /([0,l]) C vX.

PROOF: This follows from Corollary 2 as /([0,l]) is weakly Frechet. D

COROLLARY 8 . If X is a Tychonoff space such that PX or PX \ vX is path-
connected, then X is pseudocompact.

COROLLARY 9 . Let X be a normal realcompact space, Y a weakly Frechet space
and PY QPX. Then Y C X and PY = PZ, for Z a closed subspace of X.



[3] The Stone-Cecli compactification 351

PROOF: Let Z = 0YHX. Then Z is non-empty since Y C X (by Corollary 2)
and Z is closed in X since 0Y is closed in 0X. But as X is normal, Tietze's Extension
Theorem implies that cl0XZ = 0Z. Furthermore, Y C Z C (3Y. Hence 0Z = PY. D

REMARK 10: We might think that under the conditions of Corollary 9, Y would
be a closed subspace of X. The following example shows this is not always true, while
Proposition 11 shows that it is true when X is metrizable.

Let X be the disjoint union [0,1] U/?Q and let Y = Q . Then the space Z =

/ 3 Q n ( [ 0 , l ] U / ? Q ) = / ? Q , and 0Z = 0 Q , b u t Q is not closed in [0,l]l_l/3Q.

PROPOSITION 1 1 . Let X be a metrizable realcompact topological space and
Y a topological space with PY C px. If Y is metrizable with no isolated points then

Y is a closed subspace of X.

PROOF: By Corollary 9, /3Y - PZ, where Z = 0Y n X. Since Z is a closed
subset of X, Z is metrizable and so first countable. Thus by [2, p. 273], Y — Z. As Z
is closed in X, we have Y is closed in X. D

COROLLARY 12. Let X be a separable metrizable space and Y a metrizable
space with no isolated points. Then 0Y is a subspace of j3X if and only if Y is a
closed subspace of X.

PROOF: AS X is metrizable, it is a normal space. Therefore, if Y is closed in X,

Conversely, assume that /3Y is a subspace of f3X. As X is separable metrizable,
it is Hausdorff Lindelof, and thus realcompact [1, 3.11.12]. Therefore, by Proposition
11, Y is closed in X. U

EXAMPLE 13: The topological space /?Q is not homeomorphic to a subspace of
PP.

PROOF: AS P and Q are metrizable, if /?Q C /3P then P would contain a closed
copy of Q (by Proposition 11). So it is enough to show that P does not contain a
closed copy of Q. This is the case as P admits a complete metric (being a Gg subset
of R) while Q does not (as it is not a G6 subset of R.) (See [1, 4.3.23]). D

It is well-known [2, p. 273] that first countable spaces which have homeomorphic
Stone-Cech compactifications are themselves homeomorphic. As an extension of this
result, we record the next two results.

PROPOSITION 14. Let X and Y be weakly Frechet Tychonoff spaces. Then
pX Si 0Y if and only if vX^vY.

PROOF: If vX S? vY, then P(vX) S 0(vY). But P(vX) = PX and 0(vY) = 0Y.
So
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Conversely, assume fiX = /3Y. Without loss of generality we can assume that
0X = 0Y. As Y is weakly Frechet, Y C vX by Corollary 2, and so vY C vX.

Similarly, vX C vY. So vX = vY. D

COROLLARY 1 5 . Let X and Y be weaJdyFrechet realcompact Tychonoffspaces.

Then 0X £ 0Y if and only ifX^Y.
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