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AN ELEMENTARY PROOF THAT THE HILBERT CUBE IS COMPACT 

SIDNEY A. MoRRs 
Department?of Pure Mathematics, La Trobe University, Bundoora, Victoria, Australia 3083 

The Hilbert cube is defined to be the product of a countably infinite family { In: n = 1, 2,... } 
of homeomorphic copies of the closed unit interval [0,1]. That it is compact follows, of course, 
from Tychonoff's Theorem which says that any product of compact spaces is compact. Our proof 
of the compactness of the Hilbert Cube is, however, of a very different flavor from the usual 
proofs of Tychonoff's Theorem. We call the proof elementary because it can be easily understood 
by the average student of topology and also because (when written out with some care) it avoids 
the Axiom of Choice. The approach is as follows. 

Define the Cantor space, G, in the usual way so that it is seen to be a closed subspace of [0,1] 
and so is compact. Next, observe that each point in G has a unique ternary representation 
L?? 1 an/3n with an E {0, 2}, for each n. For each positive integer n, define An to be the discrete 
space {0, 2}. Then it is easily verified that the mapping + from the product space H1=An onto G 
given by 

n=1 

is a homeomorphism. (See [1, p. 104].) 
Now we state two lemmas, the proofs of which are quite straightforward. 

LEMMA 1. For each positive integer n, let Gn be homeomorphic to the Cantor space G. Then the 
product space flH jGn is homeomorphic to G. 

Lemma 1 follows from the fact that a countable product of a countable product of copies of 
{0, 2) is homeomorphic to a countable product of copies of {0, 2). (There is nothing special about 
{0, 2) in this statement, it is equally true for any topological space: [1, p. 102].) 

LEMMA 2. There exists a continuous mapping 4 of the Cantor space onto [0,1]. 
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