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It is shown in this paper that if A is a closed normal subgroup of k,-topological groups G
and H, then the free product of G and H with A amalgamated, G*4H, exists, is Hausdorff and
indeed a k- group.
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1. Introduction and preliminaries

In [1] Khan and Morris showed that if G and H are any Hausdorff topological
groups and A is a closed central subgroup of G and H, then G4 H exists and is
Hausdorff. In this paper we are able to significantly weaken the condition of
centrality, however the price we pay for this is that the topological groups are
assumed to be k- groups. (Recall that the class of k.-spaces includes, for example,
all connected locally compact groups, all compact Hausdorff spaces and ali countable
CW-complexes). We show that if A is a closed normal subgroup of k,-groups G
and H, then G*,4 H exists, is Hausdorff —indeed a k,,-group — contains G and H
as closed topological subgroups and has as its algebraic structure the amalgamated
free product of the underlying groups.

The standard reference for amalgamated free products of groups is Magnus,
Karrass and Solitar [2]. For completeness we include some definitions here.

Definition. Let A be a common subgroup of groups G and H. The group G #, H
is said to be the free product of G and H with amalgamated subgroup A if

(i) G and H are subgroups of G =4 H.

(i) G u H generates G *5 H algebraically.
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(ii1) Every pair ¢, ¢» of homomorphisms of G and H, respectively, into any
group D which agree on A, extend to a homomorphism @ of G *4 H into D.

Definition. Let A be a common subgroup of topological groups G and H. The
topological group G * H is said to be the free product of the topological groups G
and H with amalgamated subgroup A if
(i) G and H are topological subgroups of G *4 H.

(i) G uH generates G *4 H algebraically.

(iii) Every pair ¢1, ¢ of continuous homomorphisms of G and H, respectively,
into any topological group D, which agree on A, extend to a continuous
homomorphism of G *4 H into D.

Observe that we use the symbol G *4 H for both the algebraic and topological
amalgamated free product, however which we mean should always be clear from
the context.

We note that basic category theory (‘general abstract nonsense’) does not imply
that the topological amalgamated free product of topological groups G and H
exists, because we choose to have in our definition that G and H are topological
subgroups of G *4 H.

Notation. We denote the embedding map of A in G by g and the embedding map
of A in H by h. Again, without fear of confusion, an element denoted by g, g;, g:
. and so on will always belong to G. Similarly &, k; and so on belong to H and a, a;
and so on belong to A.

A Hausdorff topological space A is said to be a k,,-space if Z = (Un=1Z, where
each Z, is compact, Z, = Z, ., and a subset A of Z is closed if and only if A nZ,
is compact for all n. We refer to Z = Z, as a k,-decomposition.

Lemma. Let A be a closed common subgroup of k.-groups G and H. Then G and
H have k.-decompositions G =\ G, and H =\_J H,, such that
() G,=G,'and H,=H,',
(ii) H.H, S Hpsom and GG S Gpim,
(iii) AnG,cHp,+1and AnH, =G,
for each positive integer n.

Proof. Let G =\ G, and H =\_J H,, be the given k,-decompositions of G and
H.PutG;=Gin(G)) 'and H, = H{n(H})"'. Now suppose that G, . . ., G, and
H,, ..., H, have been defined to satisfy (i), (ii) and (iii) and G; = G4+, Hi € H; 11,
i=1,2,...,n—1.

As A is closed, A N G, is compact. Therefore AN G, < H,, forsome m=n +1.
So we define

Hpyo=H,  H,u(H ,n(H)).
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Similarly observe that as A nH, is compact, there exists k =n +1 such that
ANnH, <Gy So we define

Gri1=Gy* G, U(Gin(GD)™).

Clearly Gy, ..., Gn+1 and H,, . .., H,41 satisfy conditions (i), (i) and (iii). Thus
we can recursively define G, and H,, for all n. It is easily seen, then, that G =\_J G,
and H = | J H, are k,-decompositions of G and H. O

Let A be a common subgroup of groups G and H, G * H the free product of
G and H, and G *, H the amalgamated free product. Further, let I” be the canonical
homomorphism of G * H onto G *, H.

It is readily seen that the kernel K of I” is given by:

K = the normal subgroup generated by {h(a)g(a)™': a € A}.

If G and H are k.- groups with k,-decompositions G =\_J G, and H =|J H,,
then we let X =, _, X, where

X, ={uvu": ue(G,uH,)", v=g(a)h(a) ' or
v= h(a)g(a)‘1 andg(a)e G, and h(a)e H,}

and Y, = (X,,)".
Obviously each X,, and Y, is compact and K =_J;_, Y,.

2. The main result

Theorem. Let A be a closed normal subgroup of k.-groups G and H. Then G *, H
exists and is a k,,-group.

Observe that [" is a homomorphism of G * H onto the algebraic amalgamated
free product of the underlying groups of G and H. Proposition 1 tells us that if
we give this group the quotient topology under this canonical homomorphism then
it is Hausdorff and hence a k,,- group. (Proposition 1 requires several lemmas which
occupy most of this paper.) The proof of the theorem is then completed using
Proposition 2. Proposition 2 says that if the quotient topology mentioned above is
Hausdorff then it must contain G and H as closed topological subgroups. Thus
this group with the quotient topology is the amalgamated free product of G and
H, namely G *4 H.

Proposition 1. Let A be a closed normal subgroup of k,-groups G and H. Let I” be
the canonical homomorphism of the free product G * H onto the algebraic amal-
gamated free product G *4 H of the underlying groups of G and H. Then this group
with the quotient topology under I' is Hausdorff, and hence a k.-group.
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The proof of this proposition is delayed to Section 3.

Proposition 2. Let A, G, H, G ¥4 H, and I be as in Proposition 1. If G x4 H, with
the quotient topology is a k,-group then ' .G >G %o H and I' :H > G %, H are
closed embeddings; that is, I' is a topological group isomorphism of G and H onto
their images, and I'(G) and I'(H) are closed, in the quotient topology on G * H.

Proof. Clearly G *4 H with the quotient topology has k,-decomposition G *, H =
U, (G, uH,)"). To show that g is an embedding and I'(G) is closed, it suffices
to verify that for each n, there exists an m such that

rG)nr(G,vH,)"YcI'(Gn).
But this follows from the easily checked containment

rG)nr(G,vH,)" Y e I'((Ga2)u (G2 A)Y"). O
Proof of the Theorem. We claim that the algebraic amalgamated free product with
the quotient topology under I is the free product of the topological groups G and
H with the subgroup A amalgamated. Property (i) of the definition follows from
Proposition 2. Property (ii) is obviously true. Property (iii) follows from the fact

that the topological group we are considering is a quotient topological group of
the free product G * H, and G * H has the universal property.

3. Proofs

Lemmal. Ifge G, heH,,veY,, h(a)eH,and ¢ =+1, then forn =1
h(a)v(g, h]° =[g, h]h(a1)v,

where h(al) € Hzo,, and 1€ Yzon.

Proof. Consider £ = +1, first.

h(a)vlg h1=1[g, h)(g, h]1 'h(a)lg h](lg, ] "vig, )
=[g, h]l(h"'g 'hgh(a)g 'h~'gh)v, where v2€ Vs
=[g h)(h g "h(gg(a)g ™ 'gh)(h 'g 'hgg(a) "h(a)g 'h 'gh)va
=[g, h]}(h g 'hgla)h 'gh)vsv,  where v3€ X,.s and g(az) € Gan+i
=[g h1(h7'g " (hh(a2)h " gh)(h g " hh(az) 'g(az)h " gh)vsvs
=[g, h1(h g h(as)gh)vavsv, where v4€ X345 and A(as) € Hs,i2
=[g, hl(h (g 'glas)g)h)(h'g " g(as)gh)vavsva
=g, h1(h 'glas)h)vsvavav, where vs€ Xsnys and g(aq) € Grnsa
=[g, hlh ™ h(aa)h)(h " h(as) " g(as)h)vsvavs02
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=g, h]h(ai)vevsvqavav; where v6 € X7,+6 and h(a1) € Honva S Haon
=[g, h]h(ai)v; where v1€ Y7,46 < Yaon.

The case with ¢ = —1 is proved similarly. O

Lemma 2. If g€ G,, gla1)e G, he H,, h{ax)e H,,, and ¢ = x1, then forn =1
[gg(ai), hh(az)]" =[g, A1 h(as)v

where h(a3) € Haoon andve Y.o00n.

Proof. Consider £ = +1, first.
[gg(a1), hh(as)]

= g(a)'g ' h(a2)""h " gg(arhh(az)
=glay) 'g "' h(a2)"g(g " gh)h T g(a)hh(az)
=g(a)"'g 'h(a2)"'glg, hIh 'glar)hh(az)
= (g(an) g 'g(a2)'g)(g 'g(ax)h(az)"'g)

(g, h)(h "g(a)h(a:) ' h)(h " hh(az))
= (g(a1)"'g(as))vlg, hlva(h(as)h(az))

where vy, v2€ X411, £(A4) € G3n41 and h(as) € Haniy
= g(ae)vilg, hlv2h(a;) where g(as) € Gan+1, h(a7) € Hansa
= h(ae)(h(as) " 'g(as))valg, hlvah(as)
= h(ae)vsvilg, hlvzh(aq) where v3€ X4n42
= h(as)valg, h]vzh(as) where v4€ Yan+2
=[g, hlh(as)vsvoh(as) by Lemma 1

where vs€ Yagun+2) and h(ag) € Hzo@n+2)
=[g, hlh(ag)h(ar)(h(az) 'vsh(as))(h(ar) 'vah(as))
=[g, hlh(as)v where v € Yioun+2)+4n+2 S Y200n

and h(as) € Haoun+2)+an+1 S Ya00n.

The case € = —1 is proved similarly. [

Lemma3. Leth(a))eH,, vie Y,,8.€ G ,hic Hy e, =x1fori=1,...,n,n=1.Then
(g1, k1) B (a)v1)([(82, h212h(a2)v2) - - « ((&n, hn]*"h(an)vs)
=[g1, hi1[g2, h2] - - - [gn, Bu]"h(a)v

where h(a)e H,, and v € Y,,, where m =20"(n +1)".
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Proof. We shall prove by induction that
(81, M1 R (ar)v1)((82, h21*h(a2)v2) « - - ([8k, i ] A (ak)vk)
=[gi, h1]* * [gro A h{a)v fork=<n

where h(a)€ H 204 +1y< and v € Y a0k 1)%.
Clearly this proposition is true for k = 1. Now assume that it is true for k =r <n

and consider
(g1, T *h(avq) -+ - ([gr, hh(a)v)(gr+1, Are1] " h(Ar11)Vr41)
= ([gb hl]E1 v [gr, hr]e'h (a,)v,)([gr+ls hr+1]e'+lh(ar+1)vr+l

where v'€ Yaor(n+1y and h(a') € Haor(n+1y
=([g1, A1+ - [grs1,s Arar ] MR (@")0" " (A 1)Vr 1 by Lemma 1
where v"€ Y0 +1(nr1y and h(a") € Haom+1(nr1y
=g, hil  + * [grets Bt ] (@R (@r41) (A (@r21) T 0" R (@ 1))0ri1
=[g1, Ml [gr+1, Berr ] R(a" - ar 1)V U1
where v € Y 20+ 1(n+1y+1
=[g1, M1l - [8r+1, Arra]" " h(a)v
where a € Hpr+1( 41+t and v € Yaor+1(n+1y 1.

So the proposition (*) is true, and the lemma is proved. O

We choose a set §g of coset representatives of A and G such that if g € S and
g# G,, then Ag n G, =0; that is, the representative of each coset is chosen to lie
in the smallest G, of any element in that coset. A set Sy of coset representatives
of A in H is similarly chosen.

Lemma 4. Let w =ghlgig(ay), hih(a))]" - - - [gng(an), huh(a )]’ be an element in
the kernel of the canonical homomorphism G * H > G x4 H, where g€ G,, h € H,,
g €Sc NG hieSunH,,h(a)eH,, h(a)eH,,e;==x1,fori=1,...,n. Thenwe
Y,, where r =20°°°"(200n +1)*°”" + 1.

Proof. By Lemma 2,
w =gh((g1, hi]""h(@aDv1) - * - ([gn, An1"h(an)vs)
where v; € Yao0n and A(a’) € Haoon
=gh(g1, h1]" -+ - [gns B ""h(a)v by Lemma 3

where h(a)e H,_;andve Y, ;.
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Now consider the sequence of groups
r & v
G+H->G*,H ->G/A*H/A~>G/AXH/A

where all the maps are canonical homomorphisms.
Firstly observe that ¥®I'(w)=1, and so g€ g(A) and h e h(A); thatis, g =g(a)
and h = h(a'), for some a and a’ in A. Now

Or(w)=1=DI (g1, h1]" * + * [gns Ba]™)
=PI (g1, D)™ - - - PL ((gns hu D™

However each @ ([g;, k:]) lies in the cartesian subgroup [G/A, H/A]of G/A * H/A,
which subgroup is defined to be the kernel of ¥. Indeed the cartesian subgroup is
a free group with free basis {c 'd7%d: ce G/A and d e H/AN{1} [2, p. 412]. Thus
oI (g1, ki) - -+ @' (gn k] can equal 1 only because of trivial cancellations,
suchas &I (g, h:])* = @ (gi+1, hir1]) "*'. Hence[gy, h11 * + - [gn, hn ] =1,bythe
same trivial cancellations, since @I'((g, h;]") =PI ([(gi+1, Ais1)) "' implies
[gi #:1% = [gi+1, hiv1] “*' keeping in mind that each coset has a unique representa-
tive. So

w =g(a)h(a")h(a)v =g(a)h(a")v.
Finally observe that I'(w)=1=1I(g(a)k(a")). But this can equal 1 only if a =
(@)™'. So
w =g(a)h(a_1)v
=p;v where v;€ X,

=p"eY,

This completes the proof of the lemma. O

Proof of Proposition 1. In order to see that G *, H with the quotient topology
under I” is Hausdorff, and hence a k,,-group, it suffices to verify that the kernel K
of I" is closed in G * H.

In [3] it is shown that G * H has the following k,-decomposition:

G*H=UT”,

where T, ={ghk:ge€ G, heH, k=[g;,hi]" " [gmhm) ™ e.==x1, each g€
G,, hicH, and m <n}.

To show that K is closed in this k,-space, it suffices to prove that for each n,
there exists an s such that KT, = Y. T,. Indeed it is enough to verify that
KnT,cY.
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SoletweT,nK
w=gh[gi, h1]" - [gm, An)™

andgeG,, heH, eachgieG,, hicH, and m<n,

Each gi1=gg(a:;), where g; €8s, the set of coset representatives defined just
before Lemma 4. Then g; € G, and so g(a;) € Gzp.

Similarly &= h;g(ai), where h; € Sy nH, and h(a;) e H,,.

Now applying Lemma 4 the result follows at once. [
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