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ON END0M0RPB3SMS OF ABELIAN TOPOLOGICAL GROUPS

ELI KATZ AND SIDNEY A. MORRIS

Abstract. A family * of continuous endomorphisms of a topological group

G is said to be small if for every subgroup H of G of cardinality card(H) <

card(G) there exists an element g € G such that QgC~\H = 0. M. I. Kabenjuk [5]

proved that if G is a compact connected Hausdorff abelian group of countable

weight then every countable family * of nontrivial endomorphisms of G is

small. He asked if "compact" can be replaced by "complete". In this note

the answer is given in the negative, but it is shown that "compact" can be

replaced by "locally compact".

A ring R is said to be representable if it is the endomorphism ring of an abelian

group A Clearly to be representable R must be associative and have a 1. However

necessary and sufficient conditions are not known (see Fuchs [1, Chapter XV]). By

considering discrete topologies it is immediately clear that the class of rings which

are the ring of continuous endomorphisms of an abelian topological group is a wider

class of rings. Indeed it has been conjectured that this is the class of all associative

rings with 1. In analyzing this conjecture Kabenjuk [5] runs into the following

problem.

Problem. Let G be a complete connected abelian topological group, H a subgroup

of G and $ a set of nonzero continuous endomorphisms of G. Suppose that card $,

card(ü) < card(G). Is there an element g EG such that $g fl H = 0?

The example below provides a negative answer to this question. First we need a

definition.

Definition. Let X be a topological space with distinguished point e. Then

the abelian topological group F(X) is said to be the Graev free abelian topological

group on X if

(i) X is a subspace of F(X) with e the identity element of F(X),

(ii) X generates F(X) algebraically, and

(hi) for every continuous map tpoiX into any topological group G such that <p(e)

is the identity of G, there exists a continuous homomorphism of F(X) into

G, which extends <p.

The following theorem collects some known results about F(X). (They are

not the finest possible results but rather what we need here.) Recall first that

a Hausdorff space X = (J^Li Xn is said to be a ku-space if each Xn is compact

and X has the weak topology with respect to the X„'s.

THEOREM A. Let X be any ku-space. Then F(X) exists [9], is connected [9], is

a ku-group [2], and hence is complete [2].
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Example. Let / be the closed unit interval [0,1], Let F(I) be the Graev

free abelian topological group on / with distinguished point 0. Then by the above

theorem, F(I) is a complete connected Hausdorff abelian topological group. Let H

be the subgroup of F(I) generated algebraically by the rational numbers in I. Then

H is certainly countable, so card(ii) < card(F(i)). Now define a countable family

4>n of continuous maps of I into F(I) by

, , >      U,       x < 1/n,

Mx) = \l/n,   *>l/n,

for each positive integer n. Then by the definition of free abelian topological group,

each <j>n extends to a continuous endomorphism $n of F(I).

Now let g E F(I). Then g = nigi + n2g2 -\-1- nkgk, for some g¿ G /, g» 7e 0.

Let N be any positive integer such that 1/N < g¿, i = 1,..., k. Then

$N(g) = ni<j>N(gi) + n2<f>N(g2) -\-\- nk<j>N(gk)

= (ni + n2 ^-(- nk)/n E H.

So no g G F(I) satisfies $„(g) £ H, for all n.

So the answer to the stated problem is in the negative.

However Kabenjuk [3, 4, 5] and Wille [10] prove the following positive results.

THEOREM B. In a connected Hausdorff topological group of cardinality 2H° every

finite family of nontrivial continuous endomorphisms is small.

THEOREM C. Every countable family $ of nontrivial continuous endomorphisms

of a compact connected Hausdorff abelian group of countable weight is small.

We generalize Theorem C.

THEOREM. Every countable family $ of nontrivial continuous endomorphisms of

a connected locally compact Hausdorff abelian group G of countable weight is small.

PROOF. By Theorem 26 of [8], G is topologically isomorphic to Rn X if, where

if is a compact connected topological group of countable weight, R is the additive

topological group of real numbers, and n is a nonnegative integer. Let H be any

subgroup of G such that card(iZ) < card(G). Then H < Hi X H2, where Hi and

H2 are the projections of H on Rn and if, respectively.

If if is a nontrivial group, then being a connected compact Hausdorff group it

has cardinality > c, the cardinality of the continuum. Then card(if) < card(G)

and card(H2) < caxd(H) implies card(i¿2) < card(if ). As if is compact every

continuous homomorphism of if into Rn is trivial. Thus every member of $ maps

if into itself. So by Theorem C above there exists an element g E K such that

$g n H2 = 0. Thus $g fl H = 0, as required.
If if is the trivial group, then G is Rn. So every continuous endomorphism

a G $ is a linear transformation Rn. As Ü is countable, ct~ 1(H) is a countable

union of cosets of the kernel, if¿, of a. Let p be Lebesgue measure on Rn. As a

is nonzero, ifQ is at most an (n — l)-dimensional vector space and so p(Ka) = 0.

Therefore p(a~~ 1(H)) = 0. Thus, since $ is a countable family

p(\J«-\H)\ = 0.
W* J
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So Uae*"-1^) 7a K"- So choosing any g G Rn\Uc,e* a~1(H) we have that

$g n H = 0, as required.
REMARK. Observe that in the second part of the above proof, dealing with Rn,

we assumed the continuum hypothesis.

In conclusion we note that our example showed that Kabenjuk's theorem cannot

be extended from "compact" to "complete". However our example of the free

abelian topological group on [0,1] is certainly not a metrizable space and so we leave

open the question of whether "compact" can be replaced by "complete metric".
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