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FREE PRODUCTS OF TOPOLOGICAL GROUPS
WITH CENTRAL AMALGAMATION. I
BY
M. S. KHAN AND SIDNEY A. MORRIS

ABSTRACT. It is proved that the amalgamated free product of any two Hausdorff
topological groups exists and is Hausdorff, providing the subgroup which is being
amalgamated is closed and central.

1. Introduction. In 1950 M. I. Graev [3] proved that the free product of any two
Hausdorff topological groups exists and is Hausdorff. His proof is quite technical,
and although some special cases of Graev’s result have been proved more easily, no
one has produced an easier proof of his general result. In this paper we show that the
amalgamated free product of any two Hausdorff topological groups exists and is
Hausdorff, providing the subgroup which is being amalgamated is closed and
central. This result, of course, includes Graev’s and our method of proof is an
extension of his. The two extra ingredients of our proof are a nice algebraic
representation of free products of groups with a central amalgamated subgroup, and
our earlier work on amalgamated direct products of topological groups [4].

The only other published work on amalgamated free products of topological
groups of which we know is that by E. T. Ordman [7], who showed that the
amalgamated free product of certain locally invariant Hausdorff topological groups
exists and is Hausdorff providing the subgroup being amalgamated is closed.

In the sequel to this paper we study the topology of the amalgamated free product
more carefully. In particular, when the groups being considered are k -spaces, we
are able to give a complete description of it. We also settle the question of when the
amalgamated free product is locally compact.

2. Notation and preliminaries. The standard references for amalgamated free
products of groups are B. H. Neumann [6] and Magnus, Karrass and Solitar [5].

For completeness we include some definitions here.

DEFINITION. Let A be a common subgroup of groups G and H. The group G*, H
is said to be the free product of G and H with amalgamated subgroup A if

(i) G and H are subgroups of G %, H,

(ii)) G U H generates G *, H, and

(iii) every pair $,, ¢, of homomorphisms of G and H, respectively, into any group
D which agree on A4, extend to a homomorphism ® of G *, H into D.
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406 M. S. KHAN AND S. A. MORRIS

DEFINITION. Let A be a common subgroup of topological groups G and H. The
topological group GII, H is said to be the free product of the topological groups G
and H with amalgamated subgroup A if

(i) G and H are topological subgroups of G11 , H,

(i) G U H algebraically generates G11, H, and

(iii) every pair ¢,, ¢, of continuous homomorphisms of G and H, respectively, into
any topological group D, which agree on 4, extend to a continuous homomorphism
of G1i, H into D.

REMARKS. By not restricting ourselves to Hausdorff topological groups in the
above definition it follows (by considering indiscrete groups D) that if G11, H exists
then its underlying group structure is G *, H.

Standard categorical arguments show that GII , H exists if and only if there exists
a topological group E having G and H as topological subgroups, with G N H = A4 of
course. This, for example, says that if 4 = {e}, the identity element, then the free
product GII H exists since we can put E = G X H. When A # {e} but is central in
G and H we can put E equal to the topological direct product of G and H with 4
amalgamated.

DEeFINITION. The group E is said to be the direct product of its subgroups G and H
with amalgamated subgroup A if

(i) E is generated by G U H,

(i) GN H= A, and

(iii) G is contained in the centralizer of H in E.

It is readily seen that the amalgamated direct product exists if and only if 4 is a
central subgroup of G and H.

DEFINITION [4]. A topological group G X 4 H is said to be the (topological) direct
product of its topological subgroups G and H with amalgamated subgroup A if it has
the properties:

(1) G X, H is generated algebraically by G U H,

(i) G N H= A4,

(iii) G is contained in the centralizer of H in G X , H, and

(iv) if ¢, and ¢, are any continuous homomorphisms of G and H, respectively,
into any topological group D such that ¢, and ¢, agree on 4 and ¢,( H) is contained
in the centralizer in D of ¢,(G), then there exists a continuous homomorphism &:
G X, H — D which extends ¢, and ¢,.

In [4] it is shown that the underlying group of G X , H is the amalgamated direct
product of the underlying groups G and H. Moreover, G X , H exists if and only if 4
is a central subgroup of G and H. The topological group G X , H is topologically
isomorphic to (G X H)/{(a,a™"): a € A}.

So, returning to our earlier remarks, we see that GII , H exists if 4 is central in G
and H. Questions about the Hausdorffness of G1I , H are not so easily settled.

We shall show that G11, H is Hausdorff by verifying that if A4 is central and
closed in the Hausdorff topological groups G and H, then it is possible to put a
Hausdorff group topology on G *, H which induces the given topologies on G and
H. This topology will not, in general, be the topology of Gu, H. However, it is
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FREE PRODUCTS OF TOPOLOGICAL GROUPS. 1 407

easily seen that GII,H must have the finest group topology on G*, H which
induces the given topologies on G and H. Thus G1I , H will be Hausdorff (under the
above-mentioned assumptions).

3. The main result.

LEMMA 1. Let G and H be groups with G N H = A a central subgroup of both G and
H. Let T be the canonical homomorphism of G x H onto G*, H. For g € G and
heH, I(g h)=eifandonly if g€ A or h € A.

PrOOF. Now T'((g, h]) =g 'h7'gh. So if g & A and h & A then g 'h~'gh is in
reduced form and so does not equal e. Thus I'([g, #]) = eimpliesg €E A or h € A.

Conversely, if g €A or h € A, then by the centrality of 4 in G and H,
g 'h7igh = e in G+, H, as required.

LeMMA 2. Let G, H, A and T be as in Lemma 1. Further, let g,, g, € G and h,
h, € H be such that I'(g,,h,]) # e. Then T'(g,, h]) = I'(g,, h,)) if and only if
g8, €gAandh, € h A.

ProoF. Now T(g,, h,]) = I'(8,, h,]) implies gi'hi'gih, = g;'h3'g2h, in the
group G*, H. By Lemma 1 none of g, g,, h}, h, is in A4, since I'((g,, h]) =
T'(g,, h,]) # e. Thus g;'h;'g,h, and g5'h3'g, h, are in reduced form. Therefore (see,
for example, Epstein [1]), g, = a,g,a, and h, = a;h,a,, where each a; € A. So
g, = g(a,a,) € g,A and h, = h\(asa,) € h, A, as required.

The converse follows immediately from the centrality of A.

PROPOSITION 1. Let G and H be groups with G N H = A a central subgroup of both
G and H. Let {s;: i € I} be a complete set of coset representatives of A in G and {s:
J € J} a complete set of coset representatives of A in H. Then the subgroup K(G*, H)
of Gx4 H generated by {[g, h]: g8 € G,h € H} is a free group with free basis
{[ss,:i €1,j €T} \{e}.

PRrROOF. Recall that if C and D are any groups, the cartesian subgroup K(C * D) of
the free product C * D is the group generated by {[c,d]: c € C, d € D} and is a
free group with free basis {[c, d]: ¢ € C, d € D} \ {e}. If we put C = G/4 and
D = H/A and let ® be the canonical homomorphism of G+, H onto G/4 « H/A
we see that ®(K(G*, H)) = K(G/A » H/A). Indeed by Lemmas 1 and 2, the set
{[s;»s,]: i €1,j €J} \ {e} is mapped by ® bijectively onto a free basis for the free
group K(G/A * H/A). Thus {[s;, s;]: i € I, j € J} \ {e} is a free basis for the group
it generates. Hence K(G *, H) is a free group with the stated free basis.

LeEMMA 3. Let G, H, A and K(G *, H) be as in Proposition 1. Then every element u
in Gx, H can be written uniquely in the form u = yk, where k € K(G+4 H) and
y=gh,ge€ G, heH

PROOF. It is well known that each element in G * H can be written (uniquely) in
the form ghk, where g € G, h € H and k is in the cartesian subgroup of G H.
Using the canonical homomorphism I' of G+ H onto G, H we see that every
element u € G *, H can be written in the required form.
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408 M. S. KHAN AND S. A. MORRIS

Suppose u = y k| = yk,, where y; = gih, y, = g,h,, g €G, g, €G, h, € H,
h, € H, k, € K(G+, H) and k, € K(G », H). Consider the canonical homomor-
phism A of G+, H onto the amalgamated direct product G X , H. Then A(u) =
A1k = g1hy = A(y,ky) = gyhy. But gihy = gyh, in G X H implies g, = ag,
and h, = a”'h, for some a in A, which in turn implies y, = g,h, = g,h, = y, in
Gx4 H.So y k| = y,k, = y,k,. Thus k|, = k,, and the proof is complete.

REMARK. In Lemma 3, y can be written uniquely in the form y = gh, g € G,
h € H, if and only if 4 = {e}.

THEOREM 1. Let G and H be Hausdorff topological groups with G N H = A a closed
central subgroup of both G and H. Then the amalgamated free product G *, H admits a
Hausdorff group topology which induces the given topologies on G and H.

PRrROOF. By Lemma 3 and Proposition 1 each element u in G *, H can be written
uniquely in the form u = yk, where y = gh, g € G, h € H, and k is in K(G*, H),
the free group on the set X = {[s;, s;]: i € I,j € J} \ {e}.

We proceed with the proof in 4 steps.

Step 1. We define a topology on X U {e}. For each continuous right invariant
pseudometric p; on G and each continuous right invariant pseudometric p; on H we
define a pseudometric py on X U {e}. We show that the family of all such p, gives
rise to a Hausdorff topology on X U {e}.

Step 2. Having given X U {e} a (completely regular Hausdorff) topology we use
Graev’s now standard technique to topologize K(G *, H), the free group on X, such
that the topology is a Hausdorff group topology and induces on X U {e} the
topology defined in Step 1.

Step 3. Let P = {gh: g € G, h € H} C G*, H. Define an operation o on P as
follows: for g,, g, € Gand k|, h, € H,

(8:1) © (82h,) = (8:82)(hih3).
Then (P, o )is a group and induces the given group structures on G and H.
Given p; and p, as in Step 1, define a pseudometric p, on P as

pp(8ih1,820,) = aigg {Pc(gﬂv g) + pH(hla_l’ hz)}'

Clearly, there is a canonical isomorphism f of the amalgamated direct product
G X H onto (P, o). Indeed if G X, H is given the amalgamated direct product
topology as described in Khan and Morris [4], then f is a homeomorphism and an
isomorphism of G X , H onto (P, o), where (P, o) is given the topology generated
by all the pp. Thus (P, o) with the topology generated by all the p, is a Hausdorff
topological group which has G and H (with their given topologies) as topological
subgroups.

Step 4. Finally, if p; and pj are any continuous right invariant pseudometrics on
G and H, respectively, p, is as in Step 1 and p, also denotes its extension to
K(Gx, H) as in Step 2, and p, is as in Step 3 then define a pseudometric p on
G, Hby

P()’1k1» J’2k2) = PP(J’h J’2) + Px(kl, kz)
wherey,, y, € Pand k|, k, € K(G*4 H).
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FREE PRODUCTS OF TOPOLOGICAL GROUPS. I 409

We shall show that the family of all such pseudometrics p defines a group
topology 7 on G, H. Then (G %, H, 7) will be homeomorphic (but not isomorphic)
to (GX,H) X K(G*, H), where G X ,H has the amalgamated direct product
topology and K(G *, H) has the topology of Graev mentioned in Step 2. Thus 7is a
Hausdorff topology and so we shall have the required result.

Now let us turn to the details of the proof.

Step 1. Let gy, g, € {s;:i €I} and hy, h, € {5;:j € J}. Define

pX([gl’ ], [gz,hz]) = infEA (min{min[pc(gl, a,); pH(hl’al)]
a,ay

(1) +min[ p5(8,, a5); p( B2 a3)];

pG(glal’ g) + pu(ha,, hz)})'

If (g, h]# 18, hy] in G+, H, we shall show that there is a py such that
px((gs h1), [82, h,]) > 0. From this it follows that the topology defined by the
family of all p, is Hausdorff.

Without loss of generality, assume [g,, 4,] # e. By Lemma 1 this implies g, & 4
and h, & A. As[g,, h,] #[g,, h,) Lemma 2 then implies that g, & g, 4 or h, & h A.
Without loss of generality, assume A, & h,A. Since 4 is closed in G and H, there are
continuous right invariant pseudometrics p; and p, on G and H, respectively, such
that for all a € 4 we have p;(g,, a) > 1, py(h,,a) > 1 and py(h,a, h,) > 1. Clearly
then the corresponding p  satisfies

px([g1, 1l (825 A1) > 1.

Hence the topology determined by all the p, is Hausdorff.
Before proceeding to Step 2, note how formula (1) simplifies when [ g,, /,] = e;

(2 px([g1, 1], e) = ,,‘gf, (Inin[pG(gl’ a);pg(hy, a)]).

Step 2. Given a family of pseudometrics p, which defines the topology of
X U {e}, Graev’s method of topologizing the free group on X is as follows: Each p,
determines a pseudometric, also called p,, on the free group on X. Let a and b be
any elements of the free group. We can write

a=nry - .
" } same length not necessarily reduced words,

b=ww, --w,

where r, € X U X' U {e} and w, € X U X' U {e}. We define py(a, b) to be the
infimum, over all equal-length representations of a and b, of 3%, p(r,, w;), where
px(x), x31) = py(x7', x5) = p(xy, €) + p(x,, €) and py(x7', x3') = py(x,, x,), for
all x, and x, in X. Graev [2] shows that this infimum is achieved. Noting that the
given family of p, defined a Hausdorff topology on X U {e}, it then follows that the
family of p, just defined induces a Hausdorff topology on the free group. That the
topology so defined is a group topology follows from the fact that each py is
two-sided invariant; that is, p,(a, b) = py(at, bt) = py(ta, tb), for all a, b and ¢ in
the free group K(G =, H).
Step 3. As mentioned earlier G X , H is topologically isomorphic to

(GXH)/{(a,a™"):a € A4}.
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410 M. S. KHAN AND S. A. MORRIS

Thus for each pair of continuous right invariant pseudometrics p; on G and p; on
H, there is a pseudometric p, on G X 4 H given by

pq(glhl’ g2h,)
= inf{pG(xl’ xz) + PH()’p J’2)1 lP(xla }’1) = gh, and ‘/’(xz’ J’2) = gzhz}

where ¢ is the canonical homomorphism of G X H onto G X , H.
Indeed the family of all such p, define the required quotient topology on G X , H.
Now ¥(x,, ;) = gk, if and only if x, = g,a, and y, = hyaj’', for some a, € 4.
Also Y(x,, y,) = g,h, if and only if x, = g,a, and y, = h,a;', for some a, € A4.
Thus

pq(glhl’ grhy) = inf{pG(glal’ g,a,) + pH(hlal_l’ hzail): a;, a; € A}
= inf{p(;(g,alagl, g) + pH(hl(alaQ')_l, hz): a,,a, € A}

= inf{pG(g,a, g,) + pH(hla“, hz): a€ A}
= pP(glhI’ gh,).

Thus G X , H with the topology defined by the family of all pseudometrics pj is
indeed the quotient topology from G X H; that is, f is a homeomorphism of G X , H
onto (P, o).

Step 4. As indicated earlier this final step is to show that the family of all p defines
a group topology on G, H.

We need a preliminary lemma.

LeEMMA 4. Let k| and k, be in K(G *, H) and let g be in G. Then
(3) px(87'k1g, 87'k28) < 20x(ky, k).

PrROOF OF LEMMA 4. First note that g~'k,g and g 'k, g are indeed in K(G *, H),
so the left-hand side of the inequality makes sense! As indicated in Step 2, there exist
representations x{}x{3 - - - x{;and x}}x%3 - - - x5} of k, and k,, respectively, such that

/
(4) ox(ky, ky) = 2 Px(x{f’ x;,'i)

i=1

wherej, = +1or —1,n,= +1or —1and x,;, x,;arein X U {e}, fori=1,...,L

Noting that if g € G, g, € G and h, € H then g7'[g,, h|]g = (8,8, hllg k7Y
we see that in conjugating k, and k, by g, the element x; = [g,, /], say, from k,
gets transformed into the element ¢, =[g,g, h,][g, h,]”" and the element x,, =
[g,, k), say, from k, gets transformed into the element c, = [g,8, A, g, h,] 7L
Therefore to prove (3) it suffices to show that

(5) PX(C{i’ Cgi) < 2PX(x{§’ xé’,'-').
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FREE PRODUCTS OF TOPOLOGICAL GROUPS. I 411

Using the two-sided invariance of p, on K(G *, H) we have

px(cic)) <py(l18, ). [ 228, 1,]) + px([ g, 1), [, hy])
< inf (pH(hl’al)+pH(h2’a2))

a;,a, €A

(6) + lllf (pH(hl) al) +pH(h2702))

ap,a;

=2 inf
al’?:eA (py(hysa)) + pu(hy, ay)).

In due course we shall return to inequality (6) but first we prove some similar
inequalities.
Once again we write

PX(Cl’Cz) Px([glg,h] (8.8, 2])+Px([g,h] (g, 2])
< Lnf (oc(g18a,, 8,8) + pg(hay, hy))

a,a;€

™

+ inf (pg(ga;, g) + pu(hiay, hy))
ay,a,€A4

<2 ingA (p(;(glap g2) + oyu(ha,, hz))
a,ay

by the centrality of 4 in G, the right invariance of p;, and the fact that
inf, ¢ 4(pg(8ay, g)) = 0.

Further, using the representations
¢, =[g8 mlle, hl]_l[g’ h,1ls, hz]_la
¢, =g, hllg, hl]-l[ngs h,]ls, hz]_l

we obtain

px(c ;) <px([g:18 M1, [8 1 ]) + px(lg, 1], (8,8, h,))
< inf (pG(glgal’ g) + pu(hiay, hy))

a,a,€

(8) + inf (ps(8a,, :8) + pu(hyaz, h3))

a,a,€

= 1nf (Pc(glalse)) + inf (PG(al’gz))
a, a; €A

<2 inf (p(;(gl, 1)+pG(g2’02))'

ap,a €

Finally we use the representations

o =[gg mllg 1] e.e
¢, =g g h] (g8 hllg, ko]
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412 M. S. KHAN AND S. A. MORRIS

to obtain
pX(Cl’ Cz) < pX([glg’ hl]’ [g, hl]) + Px(e, [gzg, hz])
+Px(e’ [g, hz]_l)

< inf (p a,, g) + hia,, h
) a,,aZEA( 6(818 1 g) PH( 192 1))

+ inf (py(h,, a)) + inf (py(hy, a))
a€EA a€A

<2 inf ) (P(;(gl, al) + pH(hz’ aZ))'

ap,a;
In similar fashion we obtain
(10) px(ci,c) <2 inf (pg(gssay) + pp(hy, a))).
a;,a, €A

Examining (1) and (6)-(10) we obtain
px(crs ) < 2px(xy, X3)-
From this we get
Px(cl_l’ CEI) = px(crs ) <2px(xy, Xxp;) = 2Px(x1_il’ xiil)
and

Px(cl_l’ Cz) = pX(cl,cgl) <px(c,e) +pox(cy,e)

< 2px(xy;, e) + 2px(xy;, )

= 2px(x1> x31) = 20x(x7, x5,).
Therefore we have in general that

ox(cfis c5) < 20x(x{i, x37)

as required. So the inequality (5) is true. This completes the proof of Lemma 4.
Similarly it follows that if k; and k, are in K(G *, H) and & is in H, then

(11) px(h Yk, Bk k) < 2px(ky, k).

We now turn to proving that the family of all p, defined earlier, gives rise to a
group topology on G *, H. To do this it suffices to show that:

Given p, p, = g,h, in P, p, = g,h, in P, k, and k, in K(G *, H), and & > 0 there
exists a 8 >0 and a continuous pseudometric p' on G, H such that whenever
p; = 8ghyinP,p, = g,h,in P, k, and k, are in K(G *, H) then

p'(piky, psks) <8 and p'( poky, paky) <8
(12) implies
o(pikik3'p3', pskski'py') <eM

where M is a real number dependent only on &, and &,.

Let p arise from pseudometrics p; and py on G and H, respectively. Let p be the
pseudometric on P corresponding to p; and py. As (P, o) with the topology
generated by all such p, is a topological group we have the following.

This content downloaded from 132.77.150.148 on Mon, 09 May 2016 18:34:44 UTC
All use subject to http://about.jstor.org/terms



FREE PRODUCTS OF TOPOLOGICAL GROUPS. 1 413

There exists a pseudometric p% on P and a 8, > 0 such that
(
pp( P15 p3) <8, and p3(p,, py) <8,
implies
(13) 10p(pro 3l pyopi') <e
that is
pp(8185' k3", 8385 hsh3') <e.

Note that, in particular,
pp(8187'1h3", 8:83'h3h3') <e
(14) implies
inf (py(h,h3'a, hyh3')) <.
a€A

Let p and p% denote the restriction of p to G and H, respectively.
Also there exists a pseudometric p} on P and a 8, > 0 with the property that

_P%(Pl, p3) <8, implies PP(PTI’ Pil) <e
(15) and
or( 2> py) < 8, implies PP(PE‘» PZI) <e.

Note that, in particular,

pr(p3', pi') < eimplies inf (o6(g3'a, g5')) <e
(16) and
inf (pu(h3'a, h3')) <e.
(S

a

Now kk3' = rfirfa - - v, where each r, = x; 'y 'x,y,, x, € G, y, € Hand d, =
+1or-1fori=1,...,N. There exists a pj on P and a §, > 0 with the property

p3( P2, ) < 8y implies pp(x,p3', x,p3') <&
(17) and
oo(y,p3', yipi') <e,i=1,...,N.

Note that, in particular,

PP(xiPZ_], xip;l) <e

(18) implies
inf (pG(x,.gz"a, x,.g;')) <e
ac€A

and also

pp( 203", yipi') <e
(19) implies
o (pr(h3'a, yihi")) <e.
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414 M. S. KHAN AND S. A. MORRIS

Let p. = pg + p& + p& + p¢ and ply = py + p% + p3y + p};, where pf and p;
denote the restriction of p), to G and H, respectively, for i = 3, 4. Let py be the
two-sided invariant pseudometric on K(G *, H) corresponding to p}; and p},. Being
two-sided invariant, p', gives rise to a group topology on K(G *, H). Therefore there
exists a §, > 0 such that

Py (ky, ky) < 8, and ply(k,y, ky) <8,
(20) imply
P(kiks's kyk3') <e.

Put § = min{$,, §,, 8,, &,, ). Noting that p.. = p, and pl; = p,, we see that
o'y = py. Thus by (20)

Pix(ky, ky) <8 and ply(k,, ky) <8
(21) imply
px(kiks', k3k') <e.

Let pl, be the pseudometric on P corresponding to p; and pY. Let p' be the
pseudometric on G x, H corresponding to p,» and py. We are required to show that,
for this choice of p' and §, (12) is true.

Noting that

pikiks'pst = gk ks 'hy'gs!
- - - -1 Ayl
= (glgzl)(hlhzl)([gzl’hlhzl] )(g2h2k1k21h2‘g2')
and the analogous representation of p;kk;'p;' we see that

o(pikik3'p3', pskski'pi') < op(8185'11h35', 8383 h3h3')
(22) +ox([g2" mm']™, (g3, hahi'] ")
+ox(gahakik3'h3'st, gahakskithi'gst).

Now
PX([gz_l’ hlhil]_l’ [g‘;l’ h3h;l]_1)

< inf (pg(g3'a183") +py(hh3'ay, hah3')) <2e.

a;,a,€A

(23)

The last inequality follows from (13)-(16) and the observations

@) p'(pkys pyks) < 8 implies ph( py, p3) < 8 which in turn implies p3(py, p;) <8
<46

(ii) similarly p'( ok, pak,) < 8 implies p3( py, Ps) < 8,

We now examine the last term in (22).
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px(g:hokiks'hy's3" s gahakski'hi'gs")
Px(gzh kk3'h3'gs", gahak k3 hy'g _l)
+Px(g4h4k|k5 282", 8ahaksk'h3'g _l)
< px(gahakik3'h3'gs ", gahakiks'hi's3")
4o (keiks', keski')  (by (3) and (11))
< ox(g2h,kik3'h3'e5", gahak k3 'h3'es") + 4 (by (21)).

Recall that k,k;' = r{irf2 - - rdv, where r, = x; 'y 'x,y, x, € G, y, € H,d, = +1
or —-1,i=1,...,N. Noting that

(24)

g2hox 'y X yh'est =[g", b3 [ xigsts B3] [ xigsts vkl (25", viks]

and the analogous representation of g h,x; 'y 'x, y,h3'g;! we see that fori = 1,...,N

px(&hox7 Y7, yih3'83 " gah XMy x,y,h3'g5")
<px([g3", 13'], [g3"s 13']) + px([xig5"s 15", [xiga"s 13'])
+poy([x:83", yih3'], [x.83", yih3'])
+ox([8:", vih3'] (83", vhi'])
< inf (ps(g3'a,, 85') + pu(h3'ay, h3'))

a;,a,€A

+ inf (pg(x.85'a,, x,85") + py(h3'a,, h3"))

a;,a €A

+ inf (pg(xi83'a), x,85") + py(yih3'ay, yih3'))

a;,a, €A

+ ini(;A (Pc(gz_lala 821) + pH(y,.hilaz, y;hz'))

ap,a;
<8¢ by (15)-(19).
Similarly
px(82ha ¥ %7 y,x,h3'85" s gahay % yix,h3'gs") < 8e.

From the last two inequalities we get

(25) px(gahok k3 h5'g5", gahakiki'hylgs') < 8Ne.
So from (24) and (25) we have
(26) px(g2hokik3'h5'g5", gahaksk'hy'g;!) < (8N + 4)e.

Thus from (22), (13), (23) and (26) we obtain
p(pikik3'p3', pskaki'pi') < (8N + 7)e.

The above inequality shows that (12) is satisfied and hence the family of all p does
give a group topology on G *, H. This completes the proof of the theorem.

As indicated in §2 we can immediately deduce the following result from Theorem
1.
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THEOREM 2. Let G and H be Hausdorff topological groups with G N H = A a closed
central subgroup of both G and H. Then GU , H exists and is Hausdorff.

REMARKS. It should be noted that the proof of Theorem 1 gives much more than
the rather bland statement of Theorem 2. We know that GI1 , H has the finest group
topology on G *, H which induces the given topologies on G and H. The topology
constructed in the proof of Theorem 1 provides a lower bound, then, for the
topology of G11, H. For example, while we cannot describe the topology of GuI , H
for general topological groups G and H, we can show that if G and H are Lie groups
then the topology of Theorem 1 is such that it has no small subgroups. Therefore the
finer topology of GII, H must also be such that it has no small subgroups. This
example and others are included in the sequel.
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