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Locally compact products
and coproducts in categories

of topological groups

Karl Heinrich Hofmann and Sidney A. Morris

In the category of locally compact groups not all families of
groups have a product. Precisely which families do have a

product and a description of the product is a corollary of the
main theorem proved here. In the category of locally compact

abelian groups a family {63; J € J} has a product if and only
if all but a finite number of the Gj are of the form Kj X Dj .
where Kj is a compact group and Dj is a discrete torsion free

group. Dualizing identifies the families having coproducts in
the category of locally compact abelian groups and so answers a

question of Z. Semadeni .

It is well known that if C 1is the category of all topological groups
(hereinafter referred to as TopGps ), of all abelian topological groups,
of all compact groups, or of all compact abelian groups with the morphisms

being the continuous homomorphisms then, for any family {Gﬁ; J € J} of

C C
members of C , both the product ] G. and the coproduct I G,
jeJ 7 j&r 7

exist. However Semadeni [2, 3] notes that very little is known about

coproducts (he could also have said products) in the category LCA of
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locally compact abelian groups. It is clear that if {qj; J € J} is a
family in LCA such that all but a finite number of Gi are discrete,

LCA
then l I G. exists. Semadeni [3, Problem 490] asks if there is an
JeJ
infinite family {Gj; J € J} of non-discrete members of LCA such that
LCA
I G. exists. We give an affirmative answer and characterize those
J€J
LCA
families {G.; J € J} for which I ] G. exists. This is done by solving
J &7
the dual problem of describing products in LCA which is a corollary of

our main result.

PROPOSITION 1. If C <s a full subcategory of TopGps which has
finite limits, then the finite products in C are the finite products in
TopGps .

Proof. It suffices to prove that if A and B are in C , then

their product in C , 4 e B , is topologically isomorphic to 4 x B ,

their product in TopGps

h N
b
X
[sv}
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'sb
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Let pr and pr

4 be the projections of 4 XC B into A and B ,

B
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respectively. Also let Py and pB be the projections of 4 x B into A

and B respectively. As 4 x B 1is the product in TopGps , there exists
a continuous homomorphism ¢ : A Xn B~ A x B such that prA = pA¢ and

prp = pB¢ . let B be the kernel of P , and £. the inclusion of 3

T4 1

in 4%, B . Let f:B+B be prpg, -

The identity map 1 : B+ B and the trivial map O : B + 4 imply the

existence of a continuous homomorphism ¢ of B into A x, B which is a

2 c

topological embedding. As prAi2 = 0 , the definition of B implies the

existence of a continuous homomorphism <. : B + B which is a topological

3
embedding.

Let ¢ Ybe the kernel of f . So ih is the inclusion map of (¢ in
B and fiu is the trivial map of (¢ intg B . Mapping (¢ into B by
ih and é into 4 by O yields the trivial map 0 : ¢ -+ 4 . The pair
of maps 0 : ¢ 4 and O : C + B yield a unigue continuous homomorphism
0:C~+4 XC B such that prA@ =0 and prBO = 0 . But there are two
maps with this property, 0 : C > 4 XC B and ilih 0> 4 *o B . So
ih = 0 and thus ( 1is the trivial group. Hence f is injective. But as
fi3 =1, f is also a retraction and hence f 1is a topological group
isomorphism and B is topologically isomorphic to B .

Similarly, if we put a equal to the kernel of prB , then we can

show p is & topological isomorphism of A onto A4 .

ralz

We show next that 4 x, B = AB and 4 nB ={1} ;
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4

}

B +————— A x

pry C pr,

prplp

-~

let g€A4nB . As g €B , prA(g)=l. But prA';l is an

isomorphism and so g =1 . So 4 n B = {1}

. -1
Now if x €A x, B , then h = (prAlz] prA(x) €4 . So

-1 . . . -1
prA(h) = prA(x) . Thus prA[h xz) =1, which implies % "z € ker(prA) =B

Hence z € AB and 4 XCB=E§ .

~

As A and B are normal subgroups of A4 XC B and A4 XC =Z§ and
A n B ={1},we have that 4 o B is algebraically isomorphic to A x B .

More precisely ¢ 1is an algebraic isomorphism of A XC B onto 4 x B .

Now define tp:AXB-*AxCB by

¥la, b) = [:(prAl;l)-la] [(PrBlg)—lb:{ .

~ar

If g €A x,B,then g €43 ; thatis, g =& with & €4 and

-~

b €B . Then ¢(g) = (prA(Ez), prB(z)) . Clearly ¢ and ¢ are inverse

maps. As Y 1is also continuous, ¢ 1is a topological group isomorphism

and A4 Xa B is topologically isomorphic to A X B .

REMARKS. It is not necessary to assume C 1is a full subcategory of
TopGps 1in Proposition 1. It suffices to assume that C has identity

arrows, O arrows, and inclusion arrows.

The reader should be cautioned not to assume a priori that, in
proofs like the preceding and in the discussions which follow, the products

we consider are defined on set theoretical cartesian products.
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LEMMA 1. et C be a full subcategory of TopGps which has finite

C
limits. If F 1i& a finite subset of a set J and | [ ¢. exists, then
Jed
C
| [ G. exists and
jenr 9
C C C
|lG.'_\=l|G.X G. .
. J . J . J
JeJ JEF JEI\F
C
Proof. Let K be the kernel of the canonical map © of I | G,
je&r Y
C C
into I I Gj . We claim that X = | I G. ,with the projections of KX
JeF FEI\F
C
into Gj being the projections of [ 6. (for § € J\F ) restricted to
JjeJ
K .
K
J PrJ'IK
C
I'To. - G.
jeJ J PJ- J
f.
¢ J
0 A
0 0
C
| [ G. G. .
ieF * pr; v
et A be any member of C and fj , J € J\F , a family of
continuous homomorphisms of A into Gj . Define fi HY: g Gi s, 1T €F ,

to be the trivial homomorphisms. Then there exists a continuous

C
homomorphism ¢ of 4 into | | G, such that prjtb =fj » Jd €J . As
JjeJ
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C
pr;¢ =0, 2 €F, 0 =0, andso ¢(4)c XK. Hence K = .l | GJ..
JEI\F
C
Once we know | G. exists, the usual categorical argument shows that
JEJ\F
C C
| | G is topologically isomorphic to | | G. XC l ] G. , which by
jeJ jger 4 % genrp 9

Proposition 1, is the required resu’:

PROPOSITION 2. Let X be a full subcategory of TopGps which is
complete and whose objects are compact. If every compact subgroup of a
topological group in K is also in K , then for any family {GJ.; J € d}

| [ 6.~ G that 18, the product in K and the product in
jeg 9 jeg

TopGps coincide.

Proof.
K
[T6, %<&
jeg 9
G —————+ G
JGJ Py
Let p. and pr. be the projections of IG. into G, and
J ) jeJ- Jd d
K
[T G, into G. , respectively. As | | G is the product in TopGps of
jeg ¢ J JeJ

{G.; J € J} , the maps prj : .}T G. > G. induce a continuous homomorphism
J ‘e
JedJ

K
f:TT¢6 into -[—rG such that pjf

pr, , for each j € J .
JjeJ “ jeJ J

Let x € | G be such that f(z) =1 . Then p.fl(x) =1 and so
JjeJ J K
prj(:x:) =1, for each j € J . Let H Dbe the closed -subgroup of l GJ .
Je€J
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generated by {x} . Then prj(b") = {1} , forall j €J . If

i : H~> l ] G is the inclusion map, thén prji =0 = prjo' , where 0O is
Jed

the trivial map of H into Gj and 0' is the trivial map of H into

K
I f G. . As } l G. 1is the product in K , the uniqueness in the product
JeJ JeJ

property implies that 7 =0’ . Thus H = {1} and z =1 . Hence the map

f is injective.

K
TTe;——L——TTg,
Jed e/geJ
Z
J \ —
G.

P

1| 5

Now let Gij : Gi > Gj be the identity map if ¢ = j and the trivial

homomorphism if 4 # j . Then there exist continuous homomorphisms

(Here e, is the injection.)

.

O, 'G ->| ' G. such that &§.. = pr.©®. and §.. =p.e- -
Je&J i p‘77’ td Pie

J € J . By uniqueness in the product property f@i = ei So fI GJ] is
J€J

a compact subgroup of I l G. which contains e(Gi) for each 7 € J .
J&J

[I G] I IG and f is surjective. Hence f is a
Jjeg 9 jeg

K
topological group isomorphism of TT G. onto T—r G
jeJ ¢ JjeJ
LEMMA 2. Let C be a full subcategory of TopGps and K a full
subcategory of (C which is complete and whose objects are all compact
subgroups of topological groups in C . If Kj €K, for g €d, then
C K

TT k. exists and is topologically isomorphic to | | K. .
jeJ 9 jes Y
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K
Proof. This follows immediately from the fact that | [ K. is
JjeJ
] | Kj , the product in TopGps of {K : J € J} .
J€J

LEMMA 3. Under the hypotheses of Lemma 2, if Kj = Gj , where

C
Kj € K and Gj €C for j €dJ and ﬁ Gj exists, then the canonical
Jed

C
homomorphism of | | Kj into ]—[ G. is a topological embedding.

J€J Je&J
C
Proof. This follows immediately from the fact that ] KJ is
JeJ

| | K , and so is compact.
Je&J

LEMMA 4, Let C be a full subcategory of TopGps with finite
limits and K a full subcategory of compact C-objects which is complete
and contains all compact subgroups of groups in C . If Gj €C, Jed,

C
and T_r G exists and K 1is a compact subgroup of | | Gs s then
JEJ j€d

K = | | pr.(K) = | [ G , where pr; is8 the camonical projection of

jeg 9 JeJ
C
(16, into G,, j€dJ.
jeg 9 J
Proof.
pr {X) ——_L————> | l G(7
Jje&d 2 Jjed
fJ PrJ
pr.(X) > G .
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K
As X is compact, prj(K) is compact and so is in K . Hence | | prJ.(K)
Jed

C
exists and by Lemma 2 is isomorphic to | | pr.(K) . By Lemma 3, the
JeJ

C C
canonical homomorphism | | pr.(K) + | [ 6. is a topological embedding
jeJ jeJ

1:2 . The maps prj s K > prJ.(K) imply the existence of a continuous

C
homomorphism 6 : K -+ | I pr.(X) such that f36 = prj , Where f} are the

Jjed
C
projections of | pr.(K) . Finally observe that i29 = il , the
Jed
C
inclusion of KX in l I G.. So 0 1is a topological embedding, as
Jjed

required.

LEMMA 5. If H, and Gj s J € J , are topological groups with

J
H.< G, and T | H., an open subgrowp of [ G., then there is a finite
d J ) J . J
Je€J JeJ
subgset F of dJ such that for all j € J\F , Hj = Gj .

Proof. This follows from the definition of the Tychonoff product
topology.

LEMMA 6. ZLet C be a full subcategory of TopGps which has finite

C

limits. If Gj €EC, J€J,and T] Gj exists and is loecally compact,
JeJ

then each Gj i locally compact and there exists a finite subset F of

J such that for g € J\F , Gj has the component of the identity compact.

Proof. By Proposition 1 and Lemma 1, each Gj is locally compact.

If none of G. , ..., G. has compact component then each contains a copy
1 '7n
of R , the additive group of real numbers with the usual topology.
C
Proposition 1 and Lemma 1 then imply that 6., X G, X ... X G, = | G. .
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So I G has a subgroup topologically isomorphic to Rn . But no
JeJ

locally compact group can contain g , for arbitrary large »n . So all

but a finite number of the Gj have compact components.

LEMMA 7. Let C be a full subcategory of TopGps with finite
imits and K a full subcategory of compact C-objects which is complete
and contains all compact subgroups of groups in C , and let Gj €C,

j €J be such that each G. has its connected component (Gj) o, compact.

If -]—f G; exists them its eomponent [T_[ (¢ ]] ig topologically

JeJ J€J
K
isomorphic to | | (G ')O .
jeg 9

K
Proof. By Lemma 3, -]_r(G]O_ﬁG.,e.ndas T_T{G) is

Je&d Je&d Jed
connected, T—r (G ]0 = [ G ]
JeJ jeJ 9
K i c
TT (6., ~TT¢
jeg Y jeg ¢
\ /3
P JeJ J o
J / |
(GJ — GJ.

C
Let il be the inclusion map of | {G) in [ | G., 1,. the
jeg Y jes 9

inclusion map of (G) in G, , pr. the projection of l l G, into
J’o J J jed

G.», 7

the inclusion map of { G] in [ ] G., q. the
J 3 jes Yo

jeg 9 J
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restriction of pr. to [I IG] and p. the projection of | I (G )0
J jeg o J JjeJ

into (G] . As [ G’] is connected and g¢q. 1is continuous,
J°0 jer o J

[ G] = ( ) . The family of maps ¢q_. determine a continuous
jeJ Jd J’0 J

K
homomorphism 6 : [I l G) =T [G .} such that p.8 = q. for each
jeg o jer 9O g

J € J . The family of maps 7:2jqj of [ G_.] into 6., Je€edJ,
jeg 9o J

determine a unique continuous homomorphism § : [ G.] | l G. such
J€J 0 ge&J

that prjé’ = 7:2jqj .  But the maps 'L'3 and ile both have this property

and thus i3 = ile . Hence [T—I— G ] T_r (G )

jeg 9 JjeJ

C
LEMMA 8. Under the hypotheses of Lemma T, if | | ¢, erists and is

JE&J
K
locally compact, then T-T G has a compact open subgroup | | He s where
JeJ JE&J

each Hj is an open subgroup of Gj .

Proof. Lemma 7 says that f l G. 1is a locally compact group with

Je&J
C
compact component and so I I G. has a compact open subgroup C . Putting
JeJ
C
H.=pr (C) , vhere pr, is the canonical map of | | G. into G, , we
J J dJd je&t J d

K C
have that H. is in K and by Lemma 4, Cfl!H.i[ IG..
J e d e d

. ]

C
is a compact open subgroup of | I G. . By Proposition 1 and Lemma I, prj
Jje&J
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is a retraction and thus a quotient mapping. So each Hj is an open

subgroup of Gj .

C
LEMMA 9. Under the hypotheses of Lemma T if | | G, exists and is
Jed
locally compact, there exists a finite subset F of J such that for
J € J\F , the group Gj has a compact open normal subgroup Hj with Hj

a maximal compact subgroup of Gj .

Proof. Let H. be as in lLemma 8. Let Fl be the subset of J

consisting of those j for which there is a compact group Cj with

F i € , set .=H, .
HJ § Cg G. or j J\Fl se C'.7 H!7 Then
K K C K K
| | H. I | g I ] . . So T—rH. is an open subgroup of | C.
jo I N e jer 7 jer je d

By Lemma 5, Fy is finite.
Now set Fy = {j €J : Hj is not normal in Gj} . So for each

. ~1
i €F there exists a , €G, such that H, ¥gH.g. . For
g 5520 95 75 i 959

C
J € J\F2 , set g. =1 . Define an automorphism a of I | G. by the
J je&J J
diagram
pr. C
. « o [ 6.
jeg Y
I lo
g
J C
G. «— or I | G.
J jeg Y

where Ig (z) = g;z,-g-,l for g € Gj , and prj is the projection. Then

K
a[-l_r Hj] is open in ﬁG . But

JE&J J&J J
TT : .
pra[ H]= pr.l H.]=g.h -
e 9j iliey 3 i i
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So

a[-[&rH.] S-IL]— [g.H.g_.l] ETC_I_G. R

jeg 9 jeg VI I7d

K C
and thus | [g.H.g_.l] is open in I G. . Hence
jeJ Jd Jd jeg J

K K -1 K -1
[ lHJ.]n{ gJH.g.]= I [Hjngfl.g.)
jed jeg 99 jes 77

K K
is open in both | | H. and lg.H.g-.l. By Lemma 5, Hjng.H.g_.l=H.

JjeJ J jeJ Jd J7d d J°d J
for all but a finite number of j and also H,n g.H .g_.l =g .H.g-.l for
d Jd Jd Jd Jdd
all but a finite number of j . Hence F2 is finite. The required set F
is Fl U F2 .

NOTATION. Let Kj be a compact open normal subgroup of a topological

group G. , for each J € J . Let ‘ | K. %ve the product of the K., in
TopGps . We denote by | | (G.; K.) the topological group which has as
JeJ
its underlying group the cartesian product | G. and whose topology is
JeJ
determined by letting I I K. , with its Tychonoff product topology, be an
JeJ
open subgroup. So (G.; K. is a locally compact group.
jeg 7
LEMMA 10. Under the hypotheses of Lemma 7, if each Kj 18 a compact

open normal subgroup of Gj such that Gj/Kj 18 torsion free and
TT<6.; k) isin C, then T [(G.; K. is the product of {G.; j ¢ J}
in L, the full subcategory of C whose objects are the locally compact
C-objects.
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Proof.
K
TTxk. > TT¢
jeg ? JjeJ
Prj[ prj
(676 X -
C]
1]
T
LO -~ U

Let L be any locally compact group in C and fj a family of
continuous homomorphisms of L into Gj . Let LO be the component of |
and G. the component of (. . As K. is open in (. Gl =K. .

( J)O J J P J’ ( 3)0 J
Clearly fj(LO) < (Gj]o . Let U be an open subgroup of [ such that

U/L. 1is compact.

0

Consider the diagram

S —
I3

U/L —_—"G/G

Gi/K;

where ql, qy » and q3 are the natural quotient maps. As
fJ.(LO) = (GJ.)O , there is an induced continuous homomorphism
: U/L. +» G./(G.). - Since U/L. is compact and G./K., 1is torsion free
¢ 0 J/ ( J)O 0 P Jd
and discrete, q2¢(U/LO) = {1} . Hence fj(U) = Kj .

Let fJ’ be the restriction of fj to U . The family of maps
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K

: U > Kj determine a continuous homomorphism 0 : U =+ | ] K. such that
jeg ¢

prJ.G) = f;. , for each j € J . The maps fj of L into Gj determine a

f

(not necessarily continuous) homomorphism & : L - I | (Gj; K.) such that
JeJ

prJ.cS = fj , J €J . DNoting that GIU = 0 and that O is continuous on

the open subgroup U of L , we have that 6 1is continuous, and the proof

of the lemma is complete.

THEOREM. Let C be a full subcategory of TopGps with finite limits
and K a full subcategory of C which is complete and has as its objects
all compact subgroups of topological groups in C .

C
(i) Let {G; j € J} be a family in C such that | | G. exists
J jeJ
and is locally compact. Then there exists a finite subset F of J such
that for each j € J\F , the group Gj has a compact open normal subgroup

Kj with Gj/ Kj torsion free such that

C

TTG.,=TT6.x TT (6 kK

jeg 7 ger 7 Genr I Y
where | | and x denote the usual product in TopGps .

Je€F
(21) Let L be the full subcategory of C having as its objects all

locally compact groups in C . If {Gj3 J € J} is a family of topological
groups in L such that for each j € J\F , where F is a finite set, Gj
has a compact open normal subgroup Kj with Gj/Kj torsion free, and if

'T ¢G.,; K> dis in L then
JEI\F J

TT6. x T7T (GJ.;K.)

j€F 9 je\F J
is the product in L of {Gj; Jed}.

COROLLARY 1. Let LC be the category consisting of all locally
compact groups and all continuous homomorphisms between them. Let
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LC
{GJ.; j € J} be a family of topological groups in |c . Then G
Jed
exists 1f and only if J has a finite subset F such that for each
J e NF, Gj has a compact open normal subgroup Kj such that Gj/Kj 18

torsion free.

COROLLARY 2. Let LCA be the category consisting of all locally
compact abelian groups and all continuous homomorphisms between them. Let

{GJ.; J € J} be a family of topological groups in [CA . Then

LCA
[T 6. exists if and only if J has a finite subset F , such that for
Jed
each j € J\F , the group Gj 18 topologically tsomorphic to Kj x Dj s
where Kj i8 a eompact group and Dj is a discrete torsion free group.

LCA
Further if T | Gj exists, then it is topologically isomorphic to
Jed

D
TT G, x TT K, x TT Dis where T | denotes the usual product in
J€F JeNF JEINF

1
TopGps and | | D. denotes the cartesian product group | | D. with
genr J jenr ?

the discrete topology.
By dualizing Corollary 2 we obtain

COROLLARY 3. Let LCA be the category consisting of all locally
compact abelian groups and all continuous homomorphisms between them. Let
{GJ.; Jj € J} be a family of topological groups in LCA . Then the

LCA
coproduct | | Gj exists if and only if J has a finite subset F such

Jged
that for each § € NF , the group Gj is topologtecally isomorphic to

Aj x Bj » Where Aj 18 a discrete group and Bj 18 a compact connected

LCA
group. Further if | | Gj exists, then it is topologically isomorphic to
Jed
D K
[TG.x Y 4.x || B, where

D
Z A. denotes the restricted
jeg v GEAF Y jenr Y GENF
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K
direct sum of the A. with the discrete topology and | | B. the
J jenr 7

coproduct in the category of compact abelian groups of the Bj ; that is,

K D ~
1Ll B. s [ TT ﬁ.] , where *~ denotes the dual group.
Ja\r 9 jeI\F Y

LEMMA 11. Let G be a closed subgroup of K x D , where K 1is a
compact abelian group and D 1is a discrete torsion free abei” : group.

Then G 1is topologically isomorphic to K, x D), where K, 18 a compact

group and Dl 18 a torston free group.

Proof. By duality & is a quotient group of ‘R xD , Where R is a
discrete group and D isa compact connected group. So G is a quotient
group of F X D , where F 1is a (suitable) discrete free abelian group.

As D is divisible, Proposition 5 of [1] implies that ¢ is topologically
isomorphic to the product of a compact connected group and a discrete

group. Dualizing again yields the required result.

COROLLARY 4. The largest full subcategory of LCA which contains
the category of all compact abelian groups and has products (and
coproducts) and kermels is the category whose objects are all those
topological groups of the form K x D , where K is a compact abelian

group and D 1is a discrete torsion free abelian group.
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