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The Homotopy Groups of an n-Fold Wedge

Ronald Brown, Lew Hardy, Sidney A. Morris

The famous Hilton-Milnor Theorem [10, 15, 14, 3] provides a convenient
method for computing homotopy groups of wedges X, v X, v ---v X, where
each X, is the suspension of a path connected CW-complex. While Porter has
given in Theorem 1 of [12] a result which implies a method for computing homo-
topy groups of wedges of non-suspensions, his result appears to have been over-
looked. In this paper we prove a semi-simplicial result which seems of interest in
itself and which yields Porter’s formula on the homotopy type of a wedge. We
also give some examples which show the utility of this formula. For example, if
X,..... X, are 1-connected spaces of the homotopy type of a CW-complex, then

HS(XIVX?_V"“VX")=H3(X1)KH3(X2)K“‘)(T[J(X")x l—[ HS(QXI-I\QX,*?\SI}.
12j<isn
By a space we shall mean a pointed k-Hausdorfl k-space of the homotopy
type of a CW-complex. (A topological space X is a k-space if a subset U of X 1s
closed in X whenever f ~'(U)is closed in C for all compact Hausdorfl C and each
continuous map f: C— X ; further X is k-HausdorfT if f(C) is closed in X for each
such C and f))
Let X A Y denote the smashed product and XX the reduced suspension of
spaces X and Y. If Z,, ..., Z, are spaces then we write
CZy s Z)= N (ZyAAZ)

ir
l‘ B -.-.I'r

where the wedge is over all r-tuples (iy,....i,) with iy.....i, distinct, i,>1i,,
| <i,<iy<--<i,<n, and 2<r=<n. The same notation is used in the case when
the Z, are pointed sets, groups (regarded as pointed sets with identity as base
point), pointed simplicial sets, or simplicial groups.

Theorem. If X,,..., X, are path connected spaces then there is a homotopy
equivalence

Q(X, v vX,)=0X, x--xQX, xQX(C(QX,,...,R2X,)).

Proof. Without loss of generality we may assume the X, are realisations |K;| of

pointed connected simplicial sets K. It is known [9] that Kan’s functor G from

pointed connected simplicial sets to simplicial groups satisfies |G (K)|~€|K]|, so
that in particular

QX ~|G(K))|, Q(X;v---vX)= |IG(K, v - v K,
and
ClOX, o XY= LG  oors G-

Now Theorem 1 of [10] gives that
Q2|C(G(K,). ... G(K,)| 2 |F(C(G(K,) ..., GIK)).
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where F is Milnor’s free group functor from pointed simplicial sets to simplicial
groups. So the Theorem follows from the formula

G(K,v-vK)=CG(K,)*--*G(K,)
(where » denotes the free product of simplicial groups) and the following

Proposition (c.f. [11]). Ler A,,..., A, be simplicial groups. Then there is an
isomorphism of simplicial sets.

Aexd =A, x--x A, xF(C(A,, ..., 4)).

Proof. Let m be a natural number and let B, be the set of m-simplices of 4;, so
that B, is a group. The group of m-simplices of A,*---*xA4, is B,*---*B,. Now
Theorem 5.1 of Gruenberg [4] gives an exact sequence

| +F(C(B,,....,B)) 5B, *---*B, BB, x--- x B,—1 (1)

where p is the canonical map and f is given on the basis elements by (b; , .... b; )
(b, ,...,b,], where the latter expression is the r-fold commutator. (Our conven-
tion for free groups differs from that of [4] in that we take F(S) to be defined for a
set S with base point which becomes the identity in F(S)—this convention is
essential to give the expression in terms of smashed products.) The sequence (!) 1s
natural with respect to morphisms of groups and implies a bijection

y: By*--*B,—»B, x - xB,xF(C(B,, ..., B,)),

also natural with respect to morphisms of groups. So ¥ determines an isomorphism
of simplicial sets, as required by the Proposition. This completes the proof of the
Theorem.

In the particular case n=2, the Theorem becomes Q(X v Y)~QX x QY x
QX (QX A QY). which has been noted in [7, p. 250], [5, p. 587] and [8]. The case
n=3 gives the homotopy type of Q(X v Y v Z) as

QX x QY xQZ x QX[(QY AQX)Vv(QZ AQX)Vv(QZ A QYY)
vIQY AQX AQZ)Vv(QZ AQX AQY)].

(Note that this is a simpler expression for the case n=3 than the one obtained by
using the formula for the case n=2 twice.) The final term of this product is the
loops on a wedge of suspensions; if at least two of X, Y and Z are 1-connected
then this final term can be evaluated either by repeated use of our Theorem or by
the Hilton-Milnor Theorem.

As another example, let n=4 and X, =X, = X;=X,=CP”. Then we obtain
the homotopy type of Q(CP*vCP*vCP*vCP*) as S'xS' x§' x§ x
Q(65% v 85* v 3S°%), where the last factor can be evaluated by the Hilton-Milnor
Theorem.

For general n one can obtain closed forms for some low dimensional homo-
topy groups. For example, a connectivity analysis of the terms obtained either by
repeating our formula or by using our formula and Hilton-Milnor, gives when
each X, is 1-connected a formula for z (X, v---v X)), 2=sr=<6as

T-I'.',.(XI)}{ v Hr(Xn) X "-'.-”:..1] Xeee X nr(T;l.r)‘
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where T, ,=0and for 3=r=6
T, =M(QX, A---AQX, AS'),

the product being taken over all r-tuples (i}, ...,i,) of distinct numbers with
1<i,<i, and i, <iy<--<i,<n. To consider higher n, we would have to examine
cross-effect terms in the Hilton-Milnor expansion.

Remark. Sections 1 and 2 of [12] give a formula for QT,(X, ..., X,) where
T(X,, ..., X,) is the subset of X, x --- x X, of points with at least i coordinates at
the base point. It would be interesting to have a semi-simplicial version of this
result — related work in group theory is given in [1, 2, 6], and in fact our Pro-
position seems to be related to Theorem 4.1 of [6].
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