J. Group Theory 8 (2005), 115-133 Journal of Group Theory
© de Gruyter 2005

Sophus Lie’s third fundamental theorem and the adjoint
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(Communicated by J. S. Wilson)

The essential attributes of a Lie group G are the associated Lie algebra £(G) and
the exponential function exp : £(G) — G. The prescription £ operates not only on
Lie groups but also on morphisms between them: it is a functor.

Many features of Lie theory are shared by classes of topological groups which
are much larger than that of Lie groups; these classes include the classes of com-
pact groups, locally compact groups, and pro-Lie groups, that is, complete topolog-
ical groups having arbitrarily small normal subgroups N such that G/N is a (finite-
dimensional) Lie group.

Considering the functor € it is therefore appropriate to contemplate more general
classes of topological groups. Certain functorial properties of the assignment of a
Lie algebra to a topological group (where possible) will be essential. What is new here
is that we will introduce a functorial assignment from Lie algebras to groups and
investigate to what extent it is inverse to the Lie algebra functor £. While the Lie
algebra functor is well known and is cited regularly, the existence of a Lie group
functor available to be cited and applied appears less well known. Sophus Lie’s Third
Fundamental Theorem says that for each finite-dimensional real Lie algebra there is
a Lie group whose Lie algebra is (isomorphic to) the given one; but even in classical
circumstances it is not commonly known that this happens in a functorial fashion and
what the precise relationship between the Lie algebra functor and the Lie group func-
tor is.

1 The exponential function of topological groups

We shall utilize some basic category theory such as concerns the nature and existence
of adjoint functors, and it helps if the reader knows the rudiments of Lie group theory
such as Lie algebras and the exponential function.

Definitions 1.1. Let G be a topological group. A one parameter subgroup is a mor-
phism X : R — G of topological groups. The set Hom(IR, G) of all one parameter
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subgroups is given the topology of uniform convergence on compact sets, that is, basic
neighborhoods of a one parameter subgroup X : R — G are of the form W(X;n, U),
where n € N and U ranges through the open identity neighborhoods of G and where

W(X;n,U)E {Y e Hom(R, G) | (¥re R, |r| <n)Y(r)X(r) "' € U}.

The set Hom(RR, G) endowed with this topology is denoted by £(G). The continuous
evaluation function X — X (1) : £(G) — G will be denoted by exp; and will be called
the exponential function of the topological group G. We note that exp; X = X (1).

A few immediate observations are in order. Firstly, let us say that an action
(r,x) —r-x:R x X — X of R on a Hausdorff topological space X with base-point
x¢ 1s a scalar multiplication if the following conditions are satisfied:

(i) the action is continuous;

(i) (VxeX)0-x=xpand (VxeX) 1l -x=x;
(iii) (Vr,se R, xe X) (rs) -x=r-(s-x);
)

(iv) for each x € X, the orbit R - x is an abelian group with respect to an operation +
which satisfies (Vr,s eR) (r-x)+ (s-x) = (r+s) - x

Let X be a Hausdorff topological space X with scalar multiplication and with base-
point xg. It is easily seen that if xo # x € X then the functionr —r-x: IR — R - x is
a bijective morphism of abelian groups, that the base-point x is the neutral element
of all abelian groups R - x, x € X and that the multiplicative group R* = (R\{0},)
acts on X and has the orbits {x¢} and IR* - x with x # x¢. Thus a topological space
with a scalar multiplication looks a lot like a topological vector space without addi-
tion.

If IR” is a euclidean space and S any closed non-empty subset of the unit sphere,
then R - S is a locally compact space with a scalar multiplication (namely, the one
induced by the ordinary scalar multiplication of IR").

The following remark will show that the topological space £(G) has a scalar mul-
tiplication for every topological group G.

Remark 1.2. (i) The constant morphism O : R — G, O(r) = 1, is a member of £(G)
which we consider distinguished; so £(G) is a pointed space, i.e. a space with a base-
point.

(ii) Define a continuous action R x £(G) — L£(G) by (r- X)(¢t) = X (#r) for r, 1 e R,
X e&QG). Then0- X =0Oand (rs) - X =r-(s-X).

(i) For each X € £(G), the image A4 oy (R) is an abelian subgroup of G, and
thus £(4) = Hom(R, A4) is an abelian group under pointwise multiplication. Each
r- X may be considered as an element of £(4) such that (r+s)- X = (r- X)(s - X).
The last identity can be rephrased as

exp(r+s)- X = (expr- X)(exps- X).
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Proof. Almost all of these assertions are proved straightforwardly, but the continu-
ity of the action deserves comment. Let W (r - Xo;n, U) be a basic neighborhood of
ro - Xo according to Definition 1.1. Then we have Y € W (ry - Xo;n, V) if and only
if Y(¢r) € VXo(try) for all 1 € [—n,n]. Let U be an open identity neighborhood of G
such that UU < V. Let 6 €0, 1] be such that |r — ry| < J implies Xo(2r) € UXo(ro)
for 1€ [—n,n]. Find me N so that |[r—ry| <1 and |¢f| <n imply |tr| <m. Then
(r,X) €lro—0,r0 + 3] x W(Xo;m, U) and |t| < n imply |#r| < m and thus

(r-X)(t) = X(tr) € UXo(tr) < UUXy(tro) < V(ro - Xo)(1),
thatis, r- X € W(ry- Xo;n, V).

The action (r,X) — r- X : R x (G) — L(G) will be called the scalar multiplica-
tion of £(G).

2 The Lie algebra of a topological group

We define the commutator comm(g, h) of two elements g,/ of a group to be ghg~'h~".

For a topological group G and one parameter subgroups X, Y € £(G) we de-
fine continuous functions XY,comm(X,Y): IR — G by (XY)(r) = X(r)Y(r) and
comm(X, Y)(r) = comm(X(r), Y(r)). Of course these functions are not one param-
eter subgroups in general except when comm(X(r), Y(r)) = 1 for all r, which is cer-
tainly the case if G is commutative.

For a subset 4 of a group G we shall write (A4 ) for the subgroup algebraically gen-
erated by 4 in G.

Definitions 2.1. Let G be a topological group. Then it is said that G has a Lie algebra
or, equivalently, that G is a topological group with a Lie algebra if the following con-
ditions hold:

(i) For all X, Y € £(G), the following limits exist pointwise for all 7 € IR:

(X +¥)(0) ¥ tim (X(t/n) ¥ (1/n))", (*)
X, Y)(A) ¥ Tim comm (X (1/n), Y(t/n)" (%)

and X + Y, [X, Y] € £(G).

(i) Addition (X,Y)— X + Y : £(G) x L(G) — L(G) and bracket multiplication
(X, YY)~ [X,Y]: £(G) x £(G) — L(G) are continuous.

(i) With respect to scalar multiplication -, addition +, and bracket multiplication
[-,], the set £(G) is a real Lie algebra. The Lie algebra £(G) of a topological

group is said to be generating, if the closed subgroup <{exp £(G)) generated by
the image is the identity component Gy of G.
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In particular, if G has a Lie algebra, then £(G) is a topological Lie algebra. Note
that a topological group G has a Lie algebra if and only if G, has a Lie algebra.

A real Lie group is a group object in the category of finite-dimensional smooth
manifolds and smooth functions; this is but one of many possible equivalent defini-
tions. However, any of the standard definitions of a (real) Lie group provides a finite-
dimensional real Lie algebra £(G) and an exponential function exp; : £(G) — G so
that for every x € £(G) the function r — expgsr-x: R — G is a one parameter sub-
group X of G such that X (1) = expg; x, and x — X : £(G) — Hom(R, G) is a ho-
meomorphism. Thus we have

Theorem 2.2. Every Lie group has a Lie algebra.

Theorem 2.3. Every abelian topological group has a Lie algebra, and its Lie algebra is
commutative.

Proof. If X, Y € £(G) and comm(X (r), Y(r)) = 0 for all r € IR, then

() -nomo

and thus 2.11(i) is clearly satisfied with X + Y the pointwise product. Obviously the
bracket product vanishes.

The proof of the following remark is a straightforward exercise:

Proposition 2.4. If G is the additive group of a topological vector space E, then G is a
topological group with Lie algebra, and 2(G) = E with zero bracket. Every topological
vector space occurs in this fashion as the Lie algebra of a topological group.

Proof. The function ¢ : E — £(G) defined by ¢(x)(z) = ¢- x is a linear map which is
the inverse of the exponential function exp : ¢(G) — G. Therefore £(G) and E are
isomorphic as topological vector spaces. In particular, every topological vector space
occurs (up to isomorphism of topological vector spaces) as the Lie algebra of a topo-
logical group.

In [2, p. 337, Exercise E7.17] we have seen a closed arcwise connected subgroup G
of the additive group of a separable Banach space E such that £(G) = {0}; in par-
ticular, G is an arcwise connected complete group without small subgroups which
fails to be a Lie group. We also saw in [2, p. 135, Proposition 5.33(iv)] that a compact
group without small subgroups is a Lie group; this remains true for locally compact
groups, but the proof is much harder.

3 The category of topological groups with Lie algebras

We shall review and record the names of several categories of interest to us. In any
category o7, the set of morphisms 4; — A, is denoted by .o/(A41, 4,).
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Definitions 3.1. (i) The category of topological groups (all of which are assumed to
be Hausdorff) and continuous group homomorphisms as morphisms is denoted by
TOPGR.

(ii) If % is a category, a subcategory .o is called full if «/(A4;,A;) = €(A, 4,) for
each pair of objects A1, A, in ob(.e7). If C is any class of objects of a category €, then
o = U(A]7AZ>GCXC(€(A1,A2) is a full subcategory of & called the full subcategory of
C-objects.

(ii1) The full subcategory of TOPGR of all topological groups having a Lie alge-
bra (in the sense of Definitions 2.1) is denoted by LIEALGGR.

(iv) If X and Y are two topological spaces with scalar multiplication, then a
function f: X — Y is called a scalar morphism if it is continuous and satisfies
f(t-x)=1t-f(x) for all re R and x € X. The category of Hausdorff topological
spaces with scalar multiplication and scalar morphisms between them is denoted by
SCAIL (see discussion following 1.1).

It is worth taking note of the fact that a morphism f : G — H between two groups
having a Lie algebra is simply a continuous group homomorphism.

Theorem 3.2. Let f: G — H be a TOIPGIR-morphism. Then there is a unique scalar
morphism 2(f) : (G) — L(H) such that

2(f)
2(G) —— L(H)
expGJr expy (1)
G — H
f
commutes. It is defined by L(f)(X) = fo X for X € £(G).
Proof. Since f is continuous, if U is an identity neighborhood of G we find an iden-

tity neighborhood ¥V of G such that (V) < U; if now C is a compact subset of IR,
then for X, Y € £(G), the relation Y(r)_lX(r) € V for all r € C implies that

LX) LNX)) = (Lo YV)() (S X)) = (Y X(r) e f() U

for all r € C. It follows that £(f) is continuous. Let r € IR. Then

LU X)) = f((r- X)(0) = f(X(1r)) = (f o X)(1r)
= (r-(foX))(1) = (r- L(N)(X))().

Thus £(f) is a scalar morphism. If x € £(G), then

expy L(/)(X) = L()(X)(1) = f(X(1)) = f(expg X).
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Thus (1) is commutative. It remains to show uniqueness. Assume that
D LG)— LH)
is a scalar morphism such that exp; o ® = f o expg. Let X € £(G). Then
expy (®(r- X)) = expy (r- ©(X)) = ©(X)(r)
on the one hand and f(expgr- X) = f(X(r)), thatis, ®(X) = fo X = &(f)(X).

Let TOIP, denote the category of pointed topological spaces and continuous maps
preserving base-points, and let / : SCAIL — TOIP, and J : TOIPGIR — TOIP, be the
forgetful functors which assign to a space with scalar multiplication the underlying
pointed space, respectively, to a topological group the underlying pointed space. A
functor is said to be continuous if it preserves all limits. (See for instance [2, Appendix

31)

Theorem 3.3. The assignments G — £(G) and f — L(f) define a continuous functor
2 : TOPGR — SCAILL and exp : I o & — J is a natural transformation of functors:
TOPPGR — TOP,.

Proof- We have to verify several statements.

(a) € is a functor. If ' : G — G is the identity map, then L(f)(X)=foX =X
shows that £(f) is the identity morphism. If fj : G; — G2 and f; : G» — G5 are
morphisms of topological groups, then

Lo fi)(X) = (fao i) o X = fro(fioX) = (£(f2) o L(/1))(X).
Thus €(f2 0 fi) = £(f) 0 L(f1).

(b) exp is a natural transformation I o & — J. This is immediate from the defini-
tion of a natural transformation of functors in 1.1 and the commutativity of the dia-
gram (1) above.

(c) The functor £ is continuous, i.e., preserves limits. It suffices to show that &
preserves products and equalizers. (See for instance [2, p. 722, Theorem A3.47].)

Products: Let {G; | j € J} be a family of topological groups. Let

def
pr/:PQHGkHGj
keJ

denote the projections. Define ¢ : £(P) — [[;.; £(G)) by ¢(X) = (pr; 0 X), ,; con-
versely, if (Xj);., € P, then the universal property of the product gives a unique
X : R — P such that X; = pr; o X. If we write X = ¢/((X;);.,), then

l//:HQ(G]’)HP

jeJ
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is an inverse of ¢. Since both ¢ and y preserve scalar multiplication (which is com-
ponentwise on products) we have

B(HGj) ~ [T €(G).

jeJ jeJ

Equalizers: Let fi,f,: G— H be two morphisms of topological groups, set
E={geG|fi(g) = fo(g)} and let e : E — G be the inclusion. Then E is a closed
subgroup of G and e is the equalizer of f; and f,. We claim that £(e) : 2(E) — £(G)
is the equalizer of L(f1), 2(f2): £(G) — L(H). For this purpose, let X € 2(E).
Then

LX) = [(X (1) = L(X (1) = L(A)(X)(D).

Thus X equalizes £(f1) and L(f;). Conversely assume that X € £(G) equalizes £(f})
and £(f2). Then

N(X (1) = L(M)(X)(1) = L(H) (X))

for all # € R so that X(¢) € E for all ¢, and thus X € L(E).
This concludes the proof that £ preserves products and equalizers and thus arbi-
trary limits.

To category theorists, the continuity of € is not a surprise because
£ =Hom(R, —) : TOPGR — SCAL
is a hom-functor.

Definitions 3.4. Let G be a topological group and let G, denote the arc compo-
nent of 1 in G, called the identity arc component of G. Finally, let E(G) denote the
smallest closed subgroup of G containing the images of all one parameter subgroups;
that is

E(G) = <expg(£(G)))- (2)

Observe that each of Gy, G, and E(G) is mapped into itself by any continuous map
G — G which fixes 1 and thus by any endomorphism of G; that is, each of these three
groups is a fully characteristic subgroup of G (cf. [2, p. 23]). Notice that G, may not
be closed as the example of the p-adic solenoid shows; see also [2, (1.28), (1.38)], and
[2, Chapter 8] in general.

We say that the Lie algebra L(G) is generating if G has a Lie algebra and
Gy = E(G).

Since expg; £(G) is arcwise connected, so is {exp; £(G))> and hence the closure of
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this group is connected. If G is a Lie group, then exp; £(G) is an identity neighbor-
hood, and this makes {exp; £(G)) an open (hence closed) subgroup, implying that
Gy < E(G), and thus the Lie algebra of any Lie group is generating. The universe
in which we shall work is that of topological groups which have a generating Lie
algebra.

In [2, p. 337, Exercise E7.17] we encountered a closed contractible (and hence
arcwise connected) non-singleton subgroup G of the additive Lie group of a Banach
space which has no one parameter subgroups, and hence satisfies £(G) = {0}. If X
is an arcwise connected compact pointed space and F(X) is the free compact abe-
lian group on X (see [2, p. 407ff.]) the subgroup {X) of F(X) is free as an abelian
group (see [2, p. 410, Proposition 8.52]) and thus as a topological group satisfies
E({X)) = {0} while being arcwise connected. Similar comments apply to the free
(non-abelian) compact group. Thus there is an abundance of connected topological
groups (even abelian ones) which have a Lie algebra due to the fact that they have no
non-trivial one parameter subgroups. This confirms that no structural information
via the exponential function is to be obtained unless the Lie algebra is generating.

If G has a Lie algebra, then the fully characteristic closed subgroup E(G) has a
generating Lie algebra by definition.

If H is a subgroup of a topological group G, then the coextension of any one pa-
rameter subgroup X : IR — H to G gives a one parameter subgroup IR — G which
we shall also write as X by a slight abuse of notation; that is, if incl : H — G is the
inclusion, we identify X and incl o X. Thus we write L(H) < £(G).

The proof of the following proposition is straightforward from the definitions:

Proposition 3.5. For any topological group G, one has
L({expg £(G))) = L(Ga) = £(Go) = L(G) = L(E(G)), (3)

and the following statements are equivalent:
(i) G has a Lie algebra;
(1) Go has a Lie algebra;

(iii) E(G) has a Lie algebra
(iv) G, has a Lie algebra.

For locally compact groups G we have G, = {exp £(G)) and Gy = E(G), but that
is not obvious. If we consider G = @, the additive group of rational numbers in the
topology induced from that of R = @, then H = IR is the completion of G. By The-
orem 2.3, both G and H have Lie algebras, and by Theorem 2.4 we have £(H) = R.
Thus £(G) = {0} # R = 2(H). Tt follows that £ does not respect completion. Later
we shall see a deeper reason: the functor L is a right adjoint and the completion func-
tor is a left adjoint.

In [2] it was shown that for any locally compact abelian group G one has
G, =exp £(G) (see [2, p. 389, Theorem 8.30(ii)]) and that for a compact abelian group



Sophus Lie’s third fundamental theorem and the adjoint functor theorem 123

G, the factor group G/G,, as an abstract abelian group, is isomorphic to Ext(é, Z)
(see loc. cit. (iii)). In the case of the p-adic solenoid T, of Example 1.20(A)(ii) we
have (T,) = R, and expy, : ¢(T,) — T, is injective. Thus (T,), is a copy of R
endowed with a properly coarser topology. By the preceding proposition we have
R =~ &(T,) = £((T,),). In particular, (T,), is a topological group with a Lie algebra
by Theorem 2.3, and its Lie algebra is R.

It should be clear that, in the spirit of universal topological algebra, a topological
Lie algebra is a real Lie algebra L which is at the same time a Hausdorff topological
space such that scalar multiplication R x L — L, addition L x L — L and Lie bracket
[,]] : L x L — L are continuous.

Definition 3.6. The category of topological Lie algebras and continuous Lie algebra
morphisms is denoted by ILTIEALG.

Proposition 3.7. (i) The category LIEAILG of topological Lie algebras is complete,
that is, has all limits.

(i) The functor £ : TOIPGR — SCAIL maps the category LIEALGGR of topo-
logical groups with Lie algebras into the category ILIEAILG of topological Lie alge-
bras.

Proof. Part (i) is a straightforward exercise showing that ILIIEAILG has products and
equalizers.

(i) If G is a topological group with a Lie algebra, then by Definition 2.11,
£(G) e ob(SCAL) is a topological Lie algebra and thus belongs to the subcate-
gory ILIIEAILG. Now let /' : G — H be a LTIEAILGGIR-morphism. We know that
L(f): 2(G) — L(H) is a SCAILL-morphism. We must show that for X, ¥ € £(G) we
have /(X + ) = £(X)+ f(¥) and f[X, Y] = [f(X), f()].

Firstly we deal with addition. By 2.11(4) we have

(X + Y)() = lim (X (¢/n) Y (t/n))".

n— 00

Since f is continuous and a group morphism we have

LN + 1)) = F((X + Y)(0) = lim (£ (X (¢/m) (Y (¢/m)))"

= fim (1 (70 X) (0 1)) (0 = (#0100 + 2D,
Next we treat the Lie bracket. By 2.11(5) we have

(X, Y](2) = lim comm(X (¢/n), Y (t/n))" .

n—oo

Accordingly, we get this time
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L)X, Y](2) = f(X, Y)(1)) = lim comm(f (X (t/n)), £ (¥ (t/n)))"

n—oo

= lim comm(%- (foX)%- (fo Y))n ()

n—oo
= [2(N(X), N(Y)]().
Thus £(f) is a Lie algebra morphism, and the proof of the proposition is complete.

The largest category of topological groups which has a Lie theory is the full sub-
category ILIIEGR of TOIPGIR of topological groups which have a Lie algebra. The
next theorem shows that this is a complete category and that the Lie algebra functor
defined on it preserves limits. In the end, the ‘right’ category for Lie theory is a com-
plete full subcategory of LIIEGIR, for which there are many candidates.

Theorem 3.8 (The Completeness Theorem of the Category of Groups with Lie Alge-
bras).

(1) The category ILIEAILGGR of topological groups having a Lie algebra is closed
in the category TOIPGR of topological groups under the formation of arbitrary limits
and passage to closed subgroups. In particular, LIEAILGGR is a complete category.

The full subcategory ILTIIEAILGGENGR of all topological groups have a generating
Lie algebra is closed under the formation of arbitrary products and passage to retracts.

(i) The functor L : LIEALGGR — ILIEAILLG is continuous, i.e. preserves all
limits.

Proof. Once it is shown that ILIEAILGGR is closed under the formation of limits,
from Theorem 3.3 and Proposition 3.7 we conclude that

2 LIEALGGR — LIEALG

is a continuous functor. Thus, by [3], Theorem 1.11(ii) it suffices to show that
LIEALGGR and LIEALGGENGR are closed under the formation of products
and the passing to closed subgroups in TOIPGRR.

Products: Let {G;|j e J} be a family of topological groups and pY H]e ;G its
product. From Theorem 3.2 we know that we can write

o([1) =T1 2@
jeJ jeJ
such that
eXpP(X)/eJ - (CXPG X)/EJ

Since each £(G;) is a topological Lie algebra, so is [ ]

;e 2(G)). Moreover,
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. 1 1 "
(A/]')jej+(}]j)jeJ:(/‘/]'+Yj)jeJ:nangC Z ‘XJZ Y]
jeJ

. (1 1 "
= nlgrolc E ’ (/Yf)jeJZ ’ (Yj)je.l :
This shows that condition 2.11(i)(4) holds. Analogously one proves condition
2.11(i)(5). One observes straightforwardly that

(IT6), =TTy ana £(T6) = [T£6)

jelJ j jeJ

and concludes readily from these facts that LIEALGGENGR is closed in TOIPGIR
under the formation of products.

Passage to closed subgroups: Let H be a closed subgroup of G. We may assume
that 2(H) < £(G), as every one parameter subgroup of H may be considered as one
of G. The relations

(X + Y)(1) = lim (X(t/n) Y (t/n))",

n— oo

X, ¥)() < lim comm(X(t/n), ¥ (/m))" (+*)
and X + Y, [X, Y] € £(H) hold as they hold in G and since H is closed. Thus H is a
topological group with Lie algebra and thus belongs to LIEALGGIR.

Retracts: Let p: G — H be a retraction in TOIPGIR, i.e. there is a morphism
j:H — G in TOPPGR such that pj = idy. There is no loss in generality in assum-
ing that H is a subgroup of G and that j: H — G is the inclusion map (cf. EL.5),
and since H is a retract, it is in fact a closed subgroup. Assume that G belongs to
LIEALGGENGIR. Then H belongs to LTIEAILGGR by the preceding arguments.
Functors preserve retractions and coretractions; specifically, £(p): £(G) — L(H)
is a retraction with £(p) o £(j) = £(pj) = L(idy) = ide(y). Thus L(H) is a retract
of £(G). We notice that p(E(G)) < E(H). Hence, if G € ob LIEALGGENGR,
then p(Go) = p(E(G)) < E(H). Now p|H = pj =1idy, whence Hy = p(Hy) < p(Go).
Thus Hy < E(H) < Hy, and equality follows. Thus LIEALGGENGR is closed in
TOIPGIR under passing to retracts, and this completes the proof.

In the above proof we used the fact that a retraction p: G — H of topological
groups maps Gy onto Hy. This is a special situation for retractions. In general, even
quotient maps between locally compact abelian groups fail to map components onto
components. In [2, p. 19, E1.11] one finds a quotient morphism Z, x R — T,; the
identity component of the domain is {0} x IR and the p-adic solenoid T, is connected.
(This is only a special case of a general theorem on abelian topological groups: see [2,
p. 379, Theorem 8.20].) We also recall that there are examples of additive groups of
separable Banach spaces G having closed arcwise connected subgroups H with zero
Lie algebra (cf. [2, p. 337, Exercise E7.17]). Then G is in LIEALGGENGR while
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H is not. Since G and G/H are in LTIEALGGENGIR the subgroup H, as a kernel,
is a limit. Thus the category ILIEAILLGGENGR is not closed under the passage to
all limits and thus fails to be complete.

The category ILIIEGIR of Lie groups, which by Theorem 2.2 is a subcategory of
LIEALGGRR, has finite products and equalizers, hence finite limits. Theorem 2.25
shows that «ll limits, in particular, arbitrary products and projective limits of Lie
groups, are topological groups with Lie algebras.

4 The Lie Algebra functor has a left adjoint

We recall that a functor U : .o/ — % is said to have a left adjoint F : % — o/ if
there is a natural transformation #y : B — U(F(B)) such that for each morphism
f:B— U(A) in £ there is a unique morphism f': F(B) — A4 such that f'= U(f") op.
In diagram form:

B o
B - U(F(B) F(B)
v (s ay (T)
U) — U A

For details we refer to any text on category theory or to [2, Appendix 3]. The re-
lation between the two adjoint functors may be expressed by saying that there is a
natural bijection between the sets Z(B, U(A)) and .«/(F(B), A). In fact, in our nota-
tion, the bijection is implemented by the function f +— f’ and its inverse

g— Ulg)ong: A (F(B),A) — B(B,U(A)).

The natural transformation # is called the front adjunction. There is, dually, a back
adjunction mq : F(U(A)) such that for each morphism g : F(B) — A there is a unique
morphism ¢’ : B — U(A) such that g = 74 o F(g’) (see for instance [2, p. 719, Prop-
osition A3.36)).

7 o

4

U(A) F(U) — 4
)

g’ F(g' I \Z]
B F(B) —— F(B)

idr(
Among the characteristic properties of adjunctions the following one will be rele-
vant in the present context:

if B is an object in A, then npp) o F(ng) : F(B) — F(B) is the identity map of the .o/-
object F(B).
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Similarly,

if A is an object of </, then U(mq) o 1y 4y : U(A) — U(A) is the identity map of the %-
object U(A).

(See for instance [2, p. 719, Proposition A3.38].)
The crucial categorical theorem that we invoke is the Adjoint Existence Theorem.
First we give the relevant definition:

Definition 4.1 (The Solution Set Condition). The functor U : # — .o/ satisfies the
solution set condition if for each A € ob.o/ there is a set S(A) of pairs (¢, M),
¢ : A — UM such that for every pair (f, B), f : A — UB there is some (p, M) € S(A)
with some factorization f = (Ufy)p and fy : M — B.

Now we can formulate one of the basic results in category theory:

Theorem 4.2 (The Adjoint Functor Existence Theorem). Assume that % is a complete
category. Then for a functor U : B — o/ the following conditions are equivalent:

(1) U has a left adjoint F : of — %,

(2) U preserves limits and satisfies the solution set condition.

Most sources on category theory present a proof; cf. also [2, p. 728, Theorem
A3.60].

In checking the concrete occurrences of the situation of the Adjoint Functor Exis-
tence Theorem one observes that the Solution Set Condition practically never causes
problems, and all the other conditions are readily verified, and we shall see this here.

In dealing with topological groups, we find the following a very useful first appli-
cation of the Adjoint Functor Existence Theorem:

Theorem 4.3 (The Retraction Theorem for Full Closed Subcategories of TOPGR).
For any full subcategory 9 of the category TOIPGIR of topological groups and contin-
uous morphisms that is closed in TOIPGIR under the formation of products and under
the passage to closed subgroups, there is a left adjoint functor

F : TOPGR — ¥

which agrees on 9 (up to a natural isomorphism) with the identity functor on 9. In
particular given any topological group G, there exist a topological group FG in 9 and a
morphism O : G — FG with dense image having the following universal property: for
every morphism [ : G — H into a 9-group H there is a unique morphism ' : FG — H
such that = ' o 0.

Proof. The existence of F is immediate from Theorem 4.3 once we verify the solution
set condition for the inclusion functor 4 — TOIPGIR. Let G be a topological group.
Let us say that morphisms ¢; : G — M;, j = 1,2 in TOPGR are equivalent, if there
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is an isomorphism y : M} — M, such that ¢, =y o ;. From each equivalence class
of morphisms ¢ : G — M such that M = ¢(G) and M is a topological group in ¥, let
us pick one representative. Let us call the class of all such representatives S(G). Then
S(G) is a set, because there is, up to equivalence, only a set of images ¢(G) under any
morphism ¢ with domain G and a set of topologies on each ¢(G) and that there is up
to a natural equivalence (in an obvious sense) a set of Hausdorff topological spaces
in which a topological space ¢(G) is dense, since the cardinal of such a space is not
bigger than the cardinal of the set of all filters on ¢(G). Now let f : G — H be a mor-
phism from G to a topological group H in %. Since ¥ is closed under passing to closed
subgroups, f(G) belongs to this category. Thus the corestriction f': G — f(G) of f
to the closure of its image has an equivalent representative in S(G). For brevity we
may assume that /€ S(G). Let fy: f(G) — H be the inclusion map. Then f = fyo f'.
Thus the solution set condition for the inclusion functor 4 — TOIPGR is verified.

It remains to verify that ; has dense image; but that is immediate from the as-
sumption that ¢ is closed under passing to closed subgroups and that the corestric-
tion G — 0¢(G) of O¢ to the closure of its image has the universal property of 0 and
thus must agree with 0.

A typical example for ¢ is the category COIMIPGR of compact groups. In that
case for each topological group G, the compact group o(G) &' FG is the Bohr com-
pactification of G and 0 : G — o(G) is the Bohr compactification morphism.

Another example is the category ABTOPGR of topological abelian groups. Then
FG is the commutator factor group G/G’ where G’ is the algebraic commutator group.

A further relevant example is this:

Corollary 4.4. Let CTOIPGR denote the full subcategory of complete topological
groups. Then there is a functor G — G* : TOIPGR — CTOIPGR such that given
any topological group G, there exist a complete topological group G* and a mor-
phism kg : G — G* with dense image, such that for every morphism f : G — H into
a complete topological group H there is a unique morphism f': G* — H such that

f=f"oke.

TOPGR CTOPGR
G s G* G*

ol
H—— H H

idy
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Proof. This is an immediate consequence of the completeness of the subcategory
CTOPGR and Theorem 4.3.

One should remember that x will not always be an embedding. We say that a to-
pological group G has a completion if kg : G — G* is an embedding, in which case we
like to consider G as a dense subgroup of G*.

The final appropriate example in our situation is the following:

Corollary 4.5. There is a functor /. : TOPGR — LIEALGGIR such that given any
topological group G, there exist a topological group (G) with Lie algebra and a mor-
phism Og : G — A(G) with dense image, such that for every morphism f : G — H into
a topological group H with Lie algebra, there is a unique morphism [’ : A(G) — H such
that | = f' o 6.

TOPGR LIEALGGR
G . iG) A(G)

Vfl Jf’ lal,f'
H—— H H

Proof. This is an immediate consequence of the completeness of the subcate-
gory LIEALGGIRR and Theorem 4.3.

The major application of the Adjoint Functor Existence Theorem, however in the
present context is the following:

Theorem 4.6 (The Adjunction Theorem for &). (i) The functor
2 LIEALGGR — LIEALG

has a left adjoint
I': LIEALG — LIEALGGR.

In other words, the following assertions hold:

(i") For each topological Lie algebra g there is a functorially associated topological
group T'(g) with a Lie algebra and there is a natural transformation n, : g — £(I'(g))
such that for each morphism f : g — Q(H) of topological Lie algebras, there is a unique
morphism f' : () — H such that f = L(f") on,. In diagram form,

LIEALG LIEALGGR
g~ 9(I(g) I'(a)
Vfl Jﬂ(f’) lﬂ!f’ (T)
QH) —— L(H) H

ide)
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(i") Let G be a group with a Lie algebra. Set GY ['(L(G)). Then there is a natural
transformation ng : G — G such that for each topological Lie algebra g and each mor-
phism [ :T(g) — G there is a unique morphism f':gq— £(G) of topological Lie alge-
bras such that f = ngoT(f").

LIEALG LIEALGGR
2(G) G ., G
H!f’ﬂ r(fﬂ TVf (L)
) r®H) —— I(bh)
idr )

(i) The group T'(g) has a generating Lie algebra and is therefore a member of
LIEALGGENGR. Thus T’ maps ILTIEAILLG into LIEALGGENGIR.

(iii) For a topological Lie algebra g, abbreviate T'(g) to G. Then there are two inverse
isomorphisms

nG:G— G and F(iyg):G—>G.

Proof. (i) The proof is almost pure category theory; we will use the core existence
result for adjoint functors which we have already invoked in the proof of Theorem
4.3. By the Left Adjoint Existence Theorem (see for instance [2, Appendix 3, p. 728,
Theorem A3.60]), we have to verify that € satisfies the Solution Set Condition 3.1,
which in our case reads as follows: for each topological Lie algebra g, there is a set
S(g) (and not a proper class) of pairs (f, H), where f : g — £(H) is a morphism of
topological Lie algebras, such that for any pair (F,K), F : g — £(K), there exist a
pair (f, H) € S(g) and a morphism f; : H — K such that F = £(fp) o f.

As is usual in such a situation, this condition is verified by establishing cardinality
estimates.

(a) There is, up to equivalence, only a set of homomorphic surjective homomor-
phisms f : g — [ of topological Lie algebras since there are cardinality bounds on the
set of closed ideals 1 of g and the set of topologies on each quotient g/i.

(b) Given a Hausdorff topological space T there is a cardinality bound on all
equivalence classes of dense embeddings of 7 into some Hausdorff space 7', because
there is a cardinality bound on the set of all filters on 7', and because every point in a
space T, in which T is contained densely, is the limit of a filter on 7.

(c) Given a topological Lie algebra I, there is, up to equivalence, only a set of con-
tinuous functions e : ) — S onto a Hausdorff space S up to equivalence; next, there is
for each space S, up to isomorphism, at most a set of groups H which are algebra-
ically generated by S, and there is at most a set of group topologies on H. Hence
there is at most a set of topological groups H which have j as their Lie algebra and
satisfy H = {expy D). Moreover, by (b) above, there is at most a set of Hausdorff
topological groups in which {exp b is dense.

We say that two pairs (fj, H;), f; : ¢ — £(H;), j = 1,2 are equivalent if there is an
isomorphism ¢ : H; — H, such that f; = £(p) o f;. Now we consider the class of all
pairs (f,H), f:g— L(H) such that H = {expy(f(g))>. The preceding cardinality
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considerations show that we have a set S(g) of representatives (f, H) for the equi-
valence classes of such pairs.

Now let K be a topological group with a Lie algebra and F : ¢ — £(K) a mor-
phism of topological Lie algebras. Let H = {expg f(g))>. Then H is a closed sub-
group of K and thus has a Lie algebra by Theorem 3.8(i). Moreover, the corestric-
tion [ :g— L(H) gives a pair (f, H) which is equivalent to a member of S(g). If
Jfo: H— K is the inclusion morphism then F = £(f;) o f, and since (f, H) is equi-
valent to a member of S(g), this proves that L satisfies the Solution Set Condition.
Since £ is continuous by Theorem 3.3, the Left Adjoint Functor Existence Theorem
applies and proves the existence of a left adjoint functor I" for L.

(i') and (i”): The universal properties expressed in (i’) and (i”) are equivalent and
express the fact that I is a left adjoint of L. See for instance [2, p. 719, Proposition
A3.36).

(ii) This assertion is a consequence of the selection of the solution set and the con-
struction of the left adjoint functor from the solution set in the Left Adjoint Existence
Theorem; indeed, (77,, I'(g)) is @ member of the solution set S(g).

(i) Let g be a topological Lie algebra and set G & I'(g). By (ii) we have
G = {expg 11,(g) . Now we set GY I'(2(G)) and note that in a similar vein, we have
G= {expg 11g(G)(£(G)) ). The situation is described by the following diagram:

Mg Me(G) I

g — £(G)

o]
G

Thus {expg 1¢(6)(£(G))> =T '(n4){(exps £(G))) is dense in I'(77,)(G) on the one hand
and in G on the other. Hence I'(5,) has a dense image. We recall from our review
preceding the theorem that 7r(g) o I'(y7,) : T'(g) — I'(g) is the identity of I'(g) = G,
that is, g o I'(#,) = idg. We saw that the coretraction I'(7,) has a dense image; but
then it must be surjective and thus an isomorphism whose inverse is 7.

®
&

According to this Theorem we have a natural bijection between the sets
LIEALG(g, 2(G)) and LIEALGGR(I(g),G).

One may wish to consider the adjunction theorems 4.4, 4.5 and 4.6 side by side.
If G is a topological group, then there is a left reflection A(G), that is, a universally
attached topological group with a Lie algebra; its Lie algebra 2(A(G)) is the image
in LIEALLG under a right adjoint, and I'(2(A(G))) is the image of it under the left
adjoint I'. We have natural maps

G

0

[(e(A(G))) —= i(G).
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On the lower level we are dealing with topological groups with Lie algebras, and the
left lower corner is a group in ILIEALGGIENGIR. The completion functor (-)* can
be combined with I', giving for each topological Lie algebra g in a functorial fashion
a complete group I'(g) &ef I'(g)" with Lie algebra. By abuse of notation, one frequently
writes I in place of I' and trusts that the context makes it clear what is meant.

5 Sophus Lie’s Third Fundamental Theorem

Theorem 4.6(i") is a very general form of Lie’s Third Theorem. This becomes more
evident if one restricts one’s attention to the class of topological Lie algebras, for
which 77, : ¢ — £(I'(g)) is an isomorphism. In that case I'g realizes a group whose Lie
algebra is the given Lie algebra g. Lie algebras which are projective limits of finite-
dimensional ones are called pro-Lie algebras. In [3, Chapter 6] we show that for all
pro-Lie algebras g the morphism 1, is an isomorphism.

The full subcategory prolLIIEGIR of TOPGR consisting of all pro-Lie groups is
closed under all limits and under passage to closed subgroups in TOIPGIR. It is
contained in ILIIEAILGGR. The Lie algebras of pro-Lie groups are pro-Lie algebras;
writing prolLTIIEAILG for the full subcategory of ILIIEAILG of all pro-Lie algebras,
we obtain in [3, Chapters 6, 8] the following

Corollary 5.1. The pro-Lie algebra functor L : prolLIIEGR — prolLIIEALLG has
a left adjoint pro-Lie group functor T : prolLIIEAILG — prolLTIEGIR such that

:g— LI(g) isan zsomorphzsm for all pro-Lie algebras g. For each pro-Lie group G
the pro-Lie group GY FL(G) is simply connected, and whenever the underlying space
of G has a universal covering space, then the back adjunction ng : G — G is the uni-
versal covering morphism.

Thus by virtue of the left adjoint of the Lie algebra functor, pro-Lie groups satisfy
a perfect version of Lie’s Third Theorem and have a generalization of the universal
covering group even when a covering group does not exist in the topological sense.

There are Banach Lie algebras g for which 7, fails to be an isomorphism. In [3] it
is shown that G is homeomorphic to a product of IR’ for some set 7 and [] jes Sy for
some family of simply connected simple Lie groups S;.

6 Conclusion

The basic tools in classical Lie theory are the Lie algebra and the exponential map;
this is the case even when we are well outside the class of traditional Lie groups. In [2]
we showed that Lie theory applies to all compact groups and all locally compact
abelian groups; but it is true that it applies to all locally compact groups. However,
the category LCGR of all locally compact groups and continuous homomorphisms
is not complete as it fails to have arbitrary products. So the category we seek should
be better behaved than ILCGR and should contain at least all connected locally
compact groups. In [4] we showed that the category of pro-Lie groups is a complete
subcategory of TOIPGIR and contains all connected locally compact groups.

Here we have shown that the full category ILIIEAILGGR of all topological groups
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having Lie algebras is closed in the category TOIPGIR of all topological groups, that
the property of having a Lie algebra is preserved under passage to closed subgroups,
and that the functor £ : LIEALGGR — ILIEAILLG assigning to a topological
group having a Lie algebra its topological Lie algebra, has a left adjoint functor
I': LIEALG — LIEALGGR which attaches to a topological Lie algebra g in
a universal fashion a topological group G L (g). The universal property guaran-
tees that there is a natural morphism 7, : ¢ — £(G) such that for any morphism
f :g— L(H) of topological Lie algebras there is a unique morphism f': G — H
satisfying f = 2(f") o 1,- For a topological group G with Lie algebra this provides
functorially a topological group G &f ['(£(G)) and a morphism 7 : G — G such that
any morphism f : I'(g) — G for some topological Lie algebra g factors through 7
in the form f = ng o T'(f”) for a unique morphism f” : g — £(G) of topological Lie
algebras. Ostensibly, G is a vast generalization of a ‘universal covering group’ of G
and 7 a generalization of a universal covering morphism. But no topological hy-
potheses are needed here for the construction of G. All that is required from G is that
it have a Lie algebra.

If g is a pro-Lie algebra, that is, a projective limit of finite-dimensional Lie algebras,
then 77, : g — £(T'(g)) is an isomorphism of topological Lie algebras; we may ‘iden-
tify” the Lie algebra of I'(g) with g. The existence of the functor I' is therefore the
appropriate expression of Lie’s Third Fundamental Theorem saying that every pro-
Lie algebra is realized as the Lie algebra of a pro-Lie group and how this is done in a
functorially satisfactory fashion is explained in even greater generality in this paper.
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