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Abstract. It is shown that the following four conditions are equivalent for a compact connected
abelian group G: (i) the exponential function of G is open onto its image; (ii) G has arbitrarily
small connected direct summands N such that G=N is a finite dimensional torus; (iii) the arc
component Ga of the identity is locally arcwise connected; (iv) the character group ĜG is a tor-
sion free group in which every finite rank pure subgroup is free and is a direct summand.
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Introduction

A morphism of topological groups f : G ! H is said to be open onto its image if
for any open subset U of G its image f ðUÞ is open in the subgroup f ðGÞ of H. This
is tantamount to saying that the morphism f 0 : G=ker f ! f ðGÞ induced by f via
f 0ðg ker f Þ ¼ f ðgÞ is an isomorphism of topological groups. Equivalently, this prop-
erty can be expressed by saying that the corestriction f : G ! f ðGÞ to its image is a
quotient morphism.

We denote by T the additively written circle group R=Z. If G is a torus group TX

for an arbitrary set X, then we may identify the exponential function of G with
the canonical quotient map RX ! TX . Therefore, it is readily seen to be open, and
thus is, in particular, open onto its image. It is surprising that there are compact
connected groups which are not torus groups but for which the exponential function
is open onto its image. The image of the exponential function exp : LðGÞ ! G of a
compact connected abelian group G is precisely the arc component Ga of the identity.
(See [3], p. 389, Theorem 8.30(ii).) We shall investigate when the corestriction
exp 0 : LðGÞ ! Ga is open. In fact, we shall show that a strong form of local con-
nectivity is characteristic for this property. The character group G of the discrete
group ZN is an example of a compact connected abelian group of weight 2@0 for
which exp 0 : G ! Ga is open, while Ga 0G.

It is well known that complete topological abelian groups may have incomplete quo-
tients in manifold ways [5]. Yet it is noteworthy that this example will show that the
product R2@0 of a continuum cardinality of factors of the real line has an incomplete
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quotient whose completion is compact; this example is quite relevant in the theory of
projective limits of finite dimensional Lie groups of which R2@0 is a simple example
which is not locally compact. (See [4]).

We begin by focussing on a class of torsion free abelian groups A characterized by
the property that every finite subset of A is contained in a free direct summand; the
members of this class we shall call S-groups. The class of S-groups contains the class of
free groups but is properly smaller than the class of abelian groups whose countable
subgroups are free. A compact connected abelian group G will eventually turn out to
have an exponential function which is open onto its image if and only if its character
group ĜG is an S-group.

1 Separable abelian groups

We shall write abelian groups additively. A subgroup G of an abelian group G is said
to split if there is a subgroup H of A such that A ¼ GlH. Likewise we say that a
short exact sequence

ðEÞ 0 ! G !j A ! B ! 0

is split if jðGÞ is a split subgroup of A. This is tantamount to saying that the equiv-
alence class of ðEÞ in ExtðB;GÞ is zero. (See e.g. [3], pp. 643 ¤.) A subgroup G of an
abelian group A splits automatically if it is divisible or A=G is free. (See e.g. [3], pp.
637 and 6.27.)

A subgroup P of an abelian group A is called a pure subgroup if the following con-
dition is satisfied.

(i) ðEp A P; a A A; n A NÞn � a ¼ p ) ðbx A PÞn � x ¼ p.

One observes directly (see also [3], p. 630) that for a torsion free group A, this con-
dition is equivalent to any of the following conditions:

(ii) The factor group A=G is torsion free.

(iii) ðEn A N; a A AÞn � a A G ) a A G.

In a torsion free abelian group A every subgroup G is contained in a unique pure
subgroup ½G� ¼ fa A A : ðbn A NÞn � a A Gg. (See [3], p. 630) Moreover, the following
conditions are equivalent (see [3], p. 652)

(a) Every finite rank pure subgroup of A is free.

(b) Every countable subgroup of A is free.

An abelian group satisfying these conditions is said to be @1-free.

We are interested in a subclass of the class of @1-free groups.

Proposition 1.1. Let A be a torsion free abelian group. Then the following conditions

are equivalent.
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(i) ðEa A AÞ½Z � a� is free and splits.

(ii) Every rank one pure subgroup is free and splits.

(iii) Every finite rank pure subgroup is free and splits.

Proof. Clearly, (iii) ) (ii) , (i). We must prove (i) ) (iii).

Step 1. We first note that if A satisfies (i) then every pure subgroup B of A satisfies (i):
Indeed let b A B; since B is pure, the pure subgroup ½Z � b� generated by b in B is pure
in A, and as a subgroup of the free pure subgroup generated by b in A it is free. Since
A satisfies (i), we have A ¼ ½Z � b�lK with a suitable subgroup K. By the modular
law, B ¼ ½Z � b�l ðK XBÞ. SettingH ¼ K XB we obtain B ¼ ½Z � b�lH as claimed.

Step 2. We claim that every finite rank pure subgroup is free; in other words we
show that A is @1-free. Let G be a finite rank pure subgroup of A and assume that G
is a counterexample of minimal rank n. From (i) we know n > 1. Let 00 g A G. Since
G satisfies (i), G ¼ ½Z � g�lH and ½Z � g� is free. Since the subgroup H has smaller
rank than G, it is not a counterexample and is therefore free. Hence G is free and thus
cannot be a counterexample.

Step 3. Now we prove that every finite rank pure subgroup G splits. By Step 2,
G ¼

LN
m¼1 Z � em, where N A N. By (i) there is a subgroup H1 of A such that A ¼

Z � e1lH1 and G ¼ Z � e1l ðH1XGÞ. Assume that H1KH2K � � �KHn, n< N has
been constructed in such a fashion that A ¼ Z � e1 l � � �lZ � em lHm and G ¼ Z �
e1l � � �lZ � eml ðHmXGÞ, m ¼ 1; 2; . . . ; n. By the first step we may apply (i) to the
pure subgroup Hn and find a subgroup Hnþ1 of Hn such that Hn ¼ Z � enþ1 lHnþ1

and HnXG ¼ Z � enþ1X ðHnþ1XGÞ. This yields a descending family of subgroups Hn

such that A ¼
Ln

m¼1 Z � em lHn and em A Hn for m > n. We set H ¼ HN . Then A ¼LN
m¼1 Z � em lHN ¼ GlH, as was to be shown. r

Definition 1.2. We say that an abelian group A is an S-group if it satisfies the equiv-
alent conditions of Proposition 1.1. r

The S-groups have been called separable [1] which is not an advisable terminology here
because we will deal with topological abelian groups for which the adjective separable
refers to groups having a dense countable subset, and this is entirely di¤erent. One
might have called S-groups strongly @1-free; our terminology reflects the ‘‘strongly’’ as
well. The results of Proposition 1.1 are to be found in [1], pp. 93 ¤.; it is for the conve-
nience of the reader that we give the proof of the few basic facts we are using here.

Every free group is an S-group, since every subgroup of a free group is free, and the
quotient of a free group modulo a pure subgroup is free (see e.g. [3], p. 632, Proposition
A1.24(ii)); thus every pure subgroup splits. It is readily deduced from the definition
that on an S-group the morphisms into Z separate the points.

A Whitehead group is an abelian group A such that ExtðA;ZÞ ¼ f0g, that is, every
extension

0 ! Z ! G ! A ! 0

splits.

Exponential functions of lca groups 3
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Example 1.3. The group A ¼ ZN has the following properties:

(i) A is an S-group.

(ii) A is not a Whitehead group.

(iii) The subgroup ZðNÞ of A is a countable free pure subgroup which does not split.

Proof. (i) and (ii): The group ZN is an @1-free group which is not a Whitehead group:
see e.g. [3], p. 652, Example A1.65.

We verify Condition 1.1(ii) for A ¼ ZN. Let a ¼ ðanÞn AN be a (non-zero) element
of A. If d ¼ g:c:d:fkn : n A Ng denotes the greatest common divisor of fan : n A Ng,
then put k ¼ ðknÞn AN A A with kn ¼def an=d. Evidently, ½Z � a� ¼ ½Z � k�. The decreas-
ing sequence g:c:dfk1; k2; . . . ; kng is eventually constant, namely, equal to 1. That is,

there is an N A N with g:c:dfk1; k2; . . . ; kNg ¼ 1. Then the cyclic subgroup P ¼def Z �
ðk1; . . . ; kNÞ is pure in ZN and thus splits in ZN , i.e., there is a subgroup Q of ZN

such that ZN ¼ PlQ. (Indeed if ðg1; . . . ; gNÞ A ZN satisfies
PN

j¼1 gjkj ¼ 1 one may

choose Q ¼ fðq1; . . . ; qNÞ A ZN :
PN

j¼1 gjqj ¼ 0g.) After choosing a new basis of ZN ,
we may assume that P ¼ Z� f0g � � � � � f0g, that Q ¼ f0g � Z� � � � � Z, and that
k ¼ ð1; 0; . . . ; 0; kNþ1; kNþ2; . . .Þ. SetG ¼ f0g � Z� Z� � � � : ThenZN ¼ Z � klG ¼
½Z � a�lG. Thus ZN is an S-group as asserted.

(iii): If m � ðknÞn AN A ZðNÞ for some m A Z then mkn ¼ 0 for all but a finite number
of n A N. Then ðknÞn AN A ZNÞ. Thus ZðNÞ is a pure subgroup of ZN which is obviously
countable and free. The group ZN=ZðNÞ is a torsion free algebraically compact group
and contains a copy Zp of the p-adic integers for each prime as a direct summand. (See
e.g. [2], p. 176, 42.2 and p. 169, 40.4.) Since Zp contains countable groups which are
not free (e.g. 1

qy
Z for any prime q di¤erent from p), and since ZN is @1-free, ZN cannot

contain a subgroup isomorphic to A=ZðNÞ. r

In fact every group of the form ZX for an arbitrary set is an S-group (see [1], p. 94,
Theorem 2.8). Every group of the form HomðA;ZÞ for a group A is an S-group ([1],
p. 95, Corollary 2.10). If A is an abelian group on which the morphisms into Z sep-
arate the points, and if ExtðA;ZÞ is torsion free, then A is an S-group.

Example 1.4. There is an abelian group B with a subgroup CGZ such that B=CGZN

and that every morphism B! Z annihilates C. The group B is an @1-free group which
is not an S-group.

Proof. In [3], pp. 653, 654, the following lemmas are proved:

Lemma A. Let E ¼ ½0 ! C ,! B ! X ! 0� be any extension of CGZ by an abelian

group X. Then there is a homomorphism f : B ! Z whose restriction to C is nontrivial

if and only E represents an element of finite order in ExtðX ;ZÞ. r

Lemma B. ExtðZN;ZÞ contains 2ð2@0 Þ elements of infinite order. r

K. H. Hofmann, S. A. Morris, D. Poguntke4
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Taken together, these Lemmas yield the existence of a torsion free group B and a
cyclic subgroup C such that B=CGZN, and that every morphism B ! Z vanishes on
C. The subgroup C is a subgroup of rank 1 which does not split, and since B=C is
torsion free, C is a pure subgroup of B. Thus B is not an S-group. If P is a finite rank
pure subgroup of B, then PþC

C

� �
is a finite rank pure subgroup of B=CGA and is

therefore finitely generated free; its full inverse image P 0 in B is a finitely generated
torsion free group and is, therefore, free. Thus P as a subgroup of a free group is free.
Hence B is an @1-free group. r

In this area of the theory of abelian groups, ZN is a universal test example. For
instance, Proposition 1.1 cannot be complemented by another equivalent condition
which would say: Every countable pure subgroup splits. The example shows, in partic-
ular, that the class of S-groups is properly smaller than that of @1-free groups and is not
contained in the class of Whitehead groups. Every Whitehead group is an S-group (see
[1], p. 226). Thus the class of S-groups is properly bigger than the class of Whitehead
groups and thus a fortiori properly bigger than the class of free groups.

@1-free groups��
S-groups��

Whitehead groups��
free groups

2 Strengthening local connectivity for locally compact abelian groups

A locally compact abelian group G is completely characterized by its Pontryagin dual
ĜG ¼ HomðG;TÞ. (See e.g. [3], Chapters 7 and 8.) A topological group G is locally
connected if and only if its identity componentG0 is open inG and is locally connected;
a connected locally compact abelian group G contains a unique characteristic maxi-
mal compact subgroup C and a subgroup V GRn such that the morphism ðv; cÞ 7!
vþ c : V � C ! G is an isomorphism of topological groups. (See e.g. [3], p. 348, The-
orem 7.57.) In discussing local connectivity of a locally compact abelian group G, it is
no loss of generality to assume that G is compact and connected. A locally compact
abelian group G is compact and connected if and only if its character group ĜG is dis-
crete and torsion free. (See e.g. [3], p. 297, Proposition 7.5(i), and p. 369, Corollary
8.5.) Local connectivity of a compact connected abelian group is characterized as fol-
lows:

Proposition 2.1. For a compact connected abelian group G, the following statements are

equivalent:

(i) There are arbitrarily small compact connected subgroups N such that G=N is a

finite dimensional torus group.

Exponential functions of lca groups 5
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(ii) The character group ĜG is the directed union of pure finitely generated free sub-

groups.

(iii) ĜG is @1-free.

(iv) G is locally connected.

Proof. For a proof see [3], p. 396, Theorem 8.36. r

We compare this proposition with the following

Proposition 2.2. For a compact connected abelian group G, the following statements are

equivalent:

(i) There are arbitrarily small compact connected subgroups N for which there is a

finite dimensional torus subgroup TN of G such that ðn; tÞ 7! nþ t : N � TN ! G

is an isomorphism of topological groups.

(ii) The character group ĜG is the directed union of finitely generated free split sub-
groups.

(iii) ĜG is an S-group.

Proof. The equivalence of (i) and (ii) follows at once from duality.

(ii) ) (iii): By (ii), the abelian group ĜG is torsion free. Let P be a rank one pure sub-
group of ĜG. Then P ¼ ½Z � a� for some a A ĜG. By (ii) there is a finitely generated free
split subgroup F of ĜG containing a. Since a direct summand is a pure subgroup we have
P ¼ ½Z � a�JF . As a pure subgroup of a finitely generated torsion free group, P is a
direct summand of F, and since F is a direct summand of ĜG, P is a split subgroup of ĜG.

(iii) ) (ii): As a torsion free abelian group, ĜG is the directed union of all of its finite
rank pure subgroups P; by (iii), every such P is split and free, and thus (ii) follows. r

The comparison of Propositions 2.1 and 2.2 justifies the following definition:

Definition 2.3. A locally compact abelian group is said to be strongly locally connected

if its identity component is open and its unique maximal compact connected subgroup
satisfies the equivalent conditions of Proposition 2.2.

In particular, a compact connected abelian group is strongly locally connected if and
only if its character group is an S-group. r

Example 2.4. Let G ¼def cZNZN. Then G is a strongly locally connected and connected but
not arcwise connected compact abelian group.

There is a compact connected, locally connected, but not strongly locally connected
group H of weight 2@0 containing G such that H=G is a circle group.

G has a metric torus group quotient which is not a homomorphic retract.

K. H. Hofmann, S. A. Morris, D. Poguntke6
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Proof. A compact connected abelian group H is arcwise connected if and only if its
character group ĤH is a Whitehead group. (See e.g. [3], pp. 389, 390, Theorem 8.30(iv).)
The claim thus follows by duality from Examples 1.3 and 1.4. r

The class of connected strongly locally connected compact abelian groups is properly
larger than that of torus groups and properly smaller than that of connected locally
connected compact abelian groups.

3 The exponential function of strongly locally connected groups

We shall investigate when the exponential function exp : LðGÞ ! G of a compact
connected abelian group G is open onto its image. For a detailed exposition of the
exponential function of compact abelian groups we refer to [3], notably Chapters 7
and 8. We need to know here that LðGÞ ¼ HomðR;GÞ is the topological vector space
of all one parameter subgroups, i.e. continuous group morphisms X : R ! G, where
HomðR;GÞ is given the topology of uniform convergence on compact sets. The ex-
ponential function is given by evaluation via expX ¼ Xð1Þ. By duality, LðGÞmay also
be viewed as the vector space HomðĜG;RÞ with the topology of pointwise convergence.
We note that LðGÞ is isomorphic as a topological vector space to a product of copies
of R (see [3], p. 355, Theorem 7.66(i) and pp. 325, 326, Theorem 7.30(ii)). For any
compact abelian group G, the exponential function expG : LðGÞ ! G (cf. [3], pp. 355,
356, Theorem 7.66) is a morphism of abelian topological groups. Let Ga ¼ im expG
denote the arc component of the zero element 0. (See [3], p. 389, 390, Theorem 8.30.)
We note the exact sequence:

ðexpÞ 0 ���! KðGÞ ���! LðGÞ ���!expG
G ���! ExtðĜG;ZÞ ���! 0

where KðGÞ ¼ ker expG. The corestriction exp 0
G : LðGÞ ! Ga of the exponential func-

tion to its image is a surjective morphism of topological groups. A surjective morphism
between topological groups is open if and only if it is a quotient morphism. Thus exp 0

G

is open i¤ the induced bijective morphism of topological groups LðGÞ=KðLÞ ! Ga is
an isomorphism of topological groups.

Proposition 3.1. Let G be a connected and strongly locally connected compact abelian

group. Then exp 0
G : LðGÞ ! Ga is open.

Proof. Let P denote the set of pure finite rank subgroups of ĜG. Then P A P is a fi-
nitely generated free split subgroup of ĜG. We select a subgroup SP J ĜG such that ĜG ¼
PlSP. Let NP ¼def P? denote the annihilator of P in G and TP ¼ S?

P the annihila-
tor of SP. By duality ðn; tÞ 7! nþ 1 : NP � TP ! G is an isomorphism of topological
groups, that is, G ¼ NP lTP algebraically and topologically. The groups TP, G=NP

and P̂P are naturally isomorphic by the Annihilator Mechanism (see [3], p. 352, Theo-
rem 7.64) and thus are finite dimensional torus groups. The morphism expNP

� expTP
:

Exponential functions of lca groups 7
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LðNPÞ � LðTPÞ ! NP � TP is naturally equivalent to the exponential function of
NP � TP. LetUP be the set of arcwise connected open zero-neighborhoods U of LðTPÞ
mapped homeomorphically onto an open zero neighborhood V of TP by expTP

; such
neighborhoodsU andV exist as TP is a Lie group. Then ðexpNP

�expTP
ÞðLðNPÞ�UÞ ¼

ðNPÞa � V ¼ ðNP � VÞX ðNP � TPÞa. It follows that expGðLðNPÞlUÞ is a an iden-
tity neighborhood of Ga in the topology induced from that of G. We claim that
fLðNPÞlU : P A P;U A UPg is a basis for the open zero-neighborhoods of LðGÞ,
where LðNPÞ is naturally considered as a cofinite dimensional vector subspace of LðGÞ.
One this claim is established, exp 0

G : LðGÞ ! Ga is open and the proof of the proposi-
tion will be complete.

Since ĜG ¼
S

P ¼ colimP AP P by duality, we have G ¼ limP AP G=NP The functor
L ¼ HomðR;�Þ preserves projective limits (see e.g. [3], p. 336, Proposition 7.38(iv);
in fact L preserves all limits). Furthermore, L preserves quotients (see [3], pp. 355,
356, Theorem 7.66(iv)). Hence LðGÞ ¼ limP AP LðGÞ=LðNPÞ. Let pP : LðGÞ ! LðGÞ=
LðNPÞ denote the quotient morphism. For any zero neighborhood W of LðGÞ, by
basic properties of the limit, there is a P A P and a zero neighborhood U A UP in
LðTPÞGLðGÞ=LðNPÞ such that p�1

P ððU þ LðNPÞÞ=LðNPÞÞJW . (See e.g. [3], p. 21,
Proposition 1.33(i)(a); this part of 1.33 has nothing to do with compactness). Since
p�1
P ððU þ LðNPÞÞ ¼ LðNPÞlU , the claim is proved. r

Corollary 3.2. (i) The uncountable product V ¼def RR has a closed totally disconnected

algebraically free subgroup K of countable rank such that the quotient V=K is incom-

plete and its completion G is a compact connected and strongly locally connected abe-

lian group of continuum weight.

(ii) Let q : V ! V=K denote the quotient map and gV=K : V=K ! G be the comple-

tion map. There is a morphism f : V ! C into a compact hence complete group whose

kernel is K and which has the property that the factorisation map f 0 : G ! C deter-

mined uniquely by f ¼ f 0 � gV=K � q is not injective.

Proof. (i): Let G ¼ cZNZN be the compact abelian group of 2.4. The rank of ZN agrees
with the cardinal of ZN and that is the cardinal 2N of the continuum. Then LðGÞ ¼
HomðR;GÞ ¼ HomðZN;RÞGR2N

GRR. Thus we take for V the additive group of
LðGÞ and K ¼ KðGÞ and know that e : V=K ! Ga is an isomorphism of topological
groups by Proposition 3.1. The completion of Ga is G, and wðGÞ ¼ cardZN ¼ 2@0 .
The kernel KðGÞ is algebraically isomorphic to HomðZN;ZÞ (see [3], p. 355, Theo-
rem 7.66(ii)). But HomðZN;ZÞGZðNÞ (see [1], p. 61, Corollary 2.5). Thus K is free of
countable rank.

(ii): In [3], p. 652, Example A1.65 one finds the construction of a character w :

ZN ! T of order 2 (i.e., 2 � w ¼ 0 in additive notation) which does not factor in the
form

ZN !j R !p T; pðrÞ ¼ rþ Z:

Then, as an element of G ¼ HomðZN;TÞ, the character w is not in the image Ga of

K. H. Hofmann, S. A. Morris, D. Poguntke8
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HomðZN; pÞ ¼ expG : HomðZN;RÞ ¼ LðGÞ ! G. Set Z ¼ f0; wg. Then Z is a closed
subgroup of G such that Ga XZ ¼ f0g. Put C ¼ G=Z and let f 0 : G ! C be the
quotient morphism whose kernel is Z. The restriction F : Ga ! C is injective. Let
f :V !C be defined by f ðX Þ ¼ FðexpG XÞ. By (i) the corestriction q :V ¼LðGÞ!Ga

of the exponential function is a quotient morphism, and F ¼ f � q is the canonical
epic-monic factorisation of F. Since G is isomorphic to the completion G of Ga and
the inclusion Ga ! G is the completion morphism gGa

: Ga ! G, the assertion fol-
lows. r

The significance of 3.2(ii) is as follows: In the category of all complete topological
abelian groups, the completion of a quotient plays the role of a quotient in the cate-
gory as it has the expected universal properties; nevertheless, it will in general fail to
have familiar properties as 3.2(ii) illustrates. The possible incompleteness of quotients
plays a somewhat disturbing role in a general theory of projective limits of finite di-
mensional Lie groups. The simplest nontrivial projective limits of finite dimensional

Lie groups are the products RX . The product RN is metrizable and complete, hence
every quotient is complete. Corollary 3.2 shows that the ‘‘next largest product’’, RR

already has incomplete quotients, and it is remarkable that there are such quotients
whose completion is compact.

Proposition 3.3. Assume that the corestriction exp 0
G : LðGÞ ! Ga of the exponential

function of a compact connected abelian group is a quotient morphism. Then

(i) Ga has arbitrarily small open arcwise connected identity neighborhoods in the to-

pology induced from that of G.

(ii) G is locally connected.

(iii) ĜG is @1-free.

Proof. (i) A quotient morphism is open. But LðGÞ is a locally convex topological vector
space and thus has arbitrarily small arcwise connected neighborhoods of zero which
are mapped onto open identity neighborhoods of Ga by exp 0

G.
(ii) Let W be an identity neighborhood of G. Then there is an identity neighbor-

hood V such that V 2 JW . By (i), Ga has an open arcwise connected identity neigh-
borhood U satisfying UJV . Then the closure U of U in G is contained in VJVVJ
W . There is an open set UG in G such that U ¼ UG XGa, and since Ga is dense in G

we have U ¼ UG. Also, since U is arcwise connected, U is connected, and UG is an
identity neighborhood in G. Thus U is a connected identity neighborhood in G which
is contained in W. So G is locally connected.

(iii) This follows from 2.1 and (ii) above. r

Thus the exponential function of a compact connected abelian group can be open onto
its image only if the group is locally connected.

Exponential functions of lca groups 9
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Proposition 3.4. If the arc component Ga of the zero element of a compact connected

abelian group G is locally arcwise connected, then the corestriction

exp 0
G : LðGÞ ! Ga

of the exponential function is open.

Proof. On the group G there is a filter basis NðGÞ converging to 1 and consisting of
closed compact subgroupsN such thatG=N is a finite dimensional torus. By [3], p. 355,
356, Theorem 7.66(iv), there are arbitrarily small identity neighborhoods of G of the
form NlV where V ¼ expG U for an open n-cell neighborhood U in a finite dimen-
sional vector subspace F of LðGÞ such that ðn;X Þ 7! nþ expG X : N �U ! NlV

is a homeomorphism. Now Na lV ¼ ðNlVÞa is the arc component of 0 in Ga X
ðNlVÞ. Since Ga is locally arcwise connected, arc components of open sets of Ga

are open in Ga, and thus Na lV is open in Ga. Therefore Ga has arbitrarily small
identity neighborhoods of the formNa lV . However, these are of the formNa lV ¼
expN LðNÞlexpG U ¼ expGðLðNÞlUÞ ¼ exp 0

GðLðNÞlUÞ. Now we know that G ¼
limN ANðGÞ G=N and just as in the proof of 3.1 we conclude that therefore LðGÞ ¼
limN ANðGÞ LðGÞ=LðNÞ and that LðGÞ has arbitrarily small neighborhoods of the form
LðNÞlU . This proves that exp 0

G is an open morphism. r

4 A characterisation of strong local connectivity

We have seen that the corestriction of the exponential function exp 0
G : LðGÞ ! Ga of

a compact connected abelian group G is open if G is strongly locally connected. We
shall show in this section that the converse holds as well.

In order to form a topological intuition, let us briefly consider the case of a finite di-
mensional compact abelian group. A compact connected group G is n-dimensional for
n ¼ 0; 1; . . . i¤ and only if its character group ĜG has rank n, that is, dimQ Qn ĜG ¼ n

(see e.g. [3], p. 650); this is the case i¤ dimLðGÞ ¼ n (see [3], p. 382, Theorem 8.22).
If exp 0 : LðGÞ ! Ga is open, then Ga is a quotient group of the locally compact group
LðGÞGRn and thus is locally compact. Hence it is a closed subgroup of G, (see e.g.
[3], p. 777); since it is also dense in G (see e.g. [3], p. 359, Theorem 7.71) we have
Ga ¼ G. Every compact quotient group of Rn is a torus (see e.g. [3], p. 625, Theorem
A1.12). Thus we record:

Lemma 4.1. If the exponential function is open onto its image in a finite-dimensional

compact connected group G, then G is a torus. r

In order to work towards the general case, we let 1 denote the one element group. In
the following numbers 4.2 and 4.3, commutativity plays no role and thus we use the
multiplicative notation. All topological groups we consider are assumed to be Haus-
dor¤.

K. H. Hofmann, S. A. Morris, D. Poguntke10

Brought to you by | Purdue University Libraries
Authenticated | 10.248.254.158

Download Date | 8/28/14 6:46 PM



Definition 4.2.A sequence of Hausdor¤ topological groups and continuous morphisms

1 ! G1 !
j
G2 !

p
G3 ! 1

is said to be topologically exact if it is exact algebraically and if j is a topological em-
bedding and p is a quotient map. r

The following lemma will be crucial.

Lemma 4.3. Assume that the following is a commutative diagram of topological groups

K2 ���!p K3

j2

???y
???yjk

1 ���! L1 ���! L2 ���!q L3 ���! 1

e1

???y e2

???y
???ye3

1 ���! G1 ���! G2 ���!
r

G3 ���! 1:

Hypotheses:

(a) The horizontal sequences are topologically exact.

(b) j2 and j3 are the inclusions of the kernels of en.

(c) e1 has a dense image.

(d) e2 is open onto its image.

Conclusions:

(i) p has a dense image. If, in addition, K3 is discrete, then p is surjective.

(ii) The morphism e3 is open onto its image.

Proof. (i): Clearly, if p has dense image, then the discreteness of its range implies
its surjectivity. We shall show now that p has a dense image. By way of contradiction
we suppose that there is an open subset U of L3npðK2Þ which meets K3. From (d)
we know that e2ðq�1ðUÞÞ is open in e2ðL2Þ. Thus e2ðq�1ðUÞÞXG1 is open in
e2ðL2ÞXG1. Let u A U XK3. By (a) there is an x A L2 such that qðxÞ ¼ u. Then
e2ðxÞ A e2ðq�1ðUÞÞ, and pðe2ðxÞÞ ¼ e3ðqðxÞÞ ¼ e3ðuÞ A e3ðK3Þ ¼ 1, that is, e2ðxÞ A L1.
Thus e2ðq�1ðUÞÞXL1 0j. Then by (c) we have an a A L1 such that e2ðaÞ ¼
e1ðaÞ A e2ðq�1ðUÞÞXL1. Thus there is an element b A L2 such that qðbÞ A U and
e2ðbÞ ¼ e2ðaÞ A L1 ¼ ker q. Hence ba�1 A ker e2 ¼ K2 and qðba�1Þ ¼ qðbÞ A U . Thus
U X qðK2Þ0j. This is a contradiction which proves (i).

(ii): We have to show that the corestriction e 03 : L3 ! e3ðL3Þ is a quotient morphism,

that is, if X JL3 is such that XK3 ¼ X is closed in L3, then e3ðXÞX e3ðL3Þ ¼ e3ðXÞ.

Exponential functions of lca groups 11
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For this last conclusion, in view of homogeneity, it su‰ces to show that 1 A e3ðX Þ
implies 1 A e3ðXÞ. The subset Y ¼def p�1ðXÞ of L2 is closed and K2-saturated, that is,
it satisfies YK2 ¼ Y , since pðYK2Þ ¼ XK3 ¼ X . We may assume that L1 JL2. The
preimage r�1ðe3ðXÞÞ of e3ðX ÞJG2 in G1 is the saturated set e2ðYÞG1. Since r is a

quotient map, and 1 A e3ðX Þ, by (c) we conclude that 1 A e2ðY ÞG1 ¼ e2ðYÞe1ðL1Þ ¼
e2ðYÞe1ðL1Þ ¼ e2ðYL1Þ ¼ e2ðY Þ. By (d), the map e2 is a quotient morphism onto its

image, andY ¼YL1 is closed in L2; thus e2ðYÞ is closed in e2ðL2Þ, i.e. e2ðYÞXe2ðL2Þ ¼
e2ðYÞ. We conclude 1 A e2ðY Þ and thus 1 A rðe2ðYÞÞ ¼ e3ðXÞ which we had to
show. r

We apply this to a compact connected abelian group G with a closed subgroup N.
Then

0 ! N ! G ! G=N ! 0

is a topologically exact sequence, as is

0 ! LðNÞ ! LðGÞ ! LðG=NÞ ! 0

by [3], pp. 355, 356, Theorem 7.66(iii). Write T ¼def G=N and let f : G ! T be the quo-
tient morphism. Then we have a commutative diagram of abelian topological groups
with topologically exact rows.

ð�Þ

KðGÞ ���!Kð f Þ
KðTÞ

j2

???y
???yjk

0 ���! LðNÞ ���! LðGÞ ���!Lð f Þ
LðTÞ ���! 0

expN

???y expG

???y
???yexpT

0 ���! N ���! G ���!
f

T ���! 0:

Proposition 4.4. Let G be a connected compact abelian group such that exp 0
G :

LðGÞ ! Ga is open. Then G is strongly locally connected.

Proof. In view of Definition 2.3 we have to show that ĜG is an S-group. Let P be a
rank one pure subgroup; we must show that P splits as a direct summand.

Since ĜG is @1-free by Proposition 3.3, there is an isomorphism p : P ! Z, and
so P̂PGT. Set N ¼ P?, the anniliator of P in G. Since ĜG=PG N̂N is torsion free, N
is a closed connected subgroup such that G=NG P̂P is a one-torus; We shall write
f : G ! T ¼def P̂P for the quotient map and we shall identify T̂T with P by considering
f̂f : T̂T ! ĜG as the inclusion map incl : P ! ĜG.

Now we check the hypotheses of Lemma 4.3. The preceding comments show that
(a) and (b) are satisfied, and (d) is our hypothesis. Hypothesis (c) concerns the expo-
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nential function expN : LðNÞ ! N; since N is connected, Na ¼ im expN is dense in N

(see [3], p. 359, Theorem 7.71). Thus hypothesis 4.3(c) is satisfied as well. The expo-
nential function expT : LðTÞ ! T of a one dimensional torus is equivalent to the
quotient map R ! T and therefore has a discrete kernel isomorphic to Z. Thus
Lemma 4.3(i) proves that Kð f Þ : KðGÞ ! KðTÞ is surjective. In view of [3], p. 355,
Theorem 7.66(ii), we have a commutative diagram

HomðĜG;PÞ ������!Homðincl;PÞ
HomðP;PÞ

HomðĜG;pÞ

????y
????yHomðT̂T ;pÞ

HomðĜG;ZÞ ������!Homð f̂f ;ZÞ
HomðT̂T ;ZÞ

G

????y
????yG

KðGÞ ������!
Kð f Þ

KðTÞ;

where Homðincl;PÞ is the restriction a 7! ajP :HomðĜG;PÞ!HomðP;PÞ. This map we
now know to be surjective. Hence there is a morphism p : ĜG ! P such that pjP is the
identity morphism of P. Thus p is a homomorphic retraction and thus P splits. r

5 Summary: The main result. Generalisations

Propositions 3.1, 3.3, 3.4, 4.4 yield the following main result:

Theorem 5.1. For a compact connected abelian group G and its zero arc-component Ga,

the following conditions are equivalent:

(i) G is strongly locally connected.

(ii) The exponential function expG : LðGÞ ! G is open onto its image.

(iii) Ga is locally arcwise connected.

(iv) ĜG is an S-group, that is, every finite rank pure subgroup of ĜG is free and is a direct

summand. r

Corollary 5.2. Let G be a metric compact connected abelian group. Then the following

statements are equivalent:

(i) G is strongly locally connected.

(ii) The exponential function expG : LðGÞ ! G is open onto its image.

(iii) Ga is locally arcwise connected.

(iv) ĜG is free and countable.

Exponential functions of lca groups 13
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(v) G is a torus.

(vi) G is arcwise connected.

(vii) G is locally connected.

Proof. (vii) ) (i) , (ii) , (iii) ,

(iv 0) ĜG is a countable S-group

is clear from Theorem 5.1 and the fact that G is metric i¤ the weight of G is countable
i¤ ĜG is countable (see [3], p. 772, Theorem A4.16, p. 361, Theorem 7.76). A countable
abelian S-group is a countable @1-free group and is therefore free, that is, (iv 0) ) (iv).
By duality, ĜG is free i¤ G is a torus. By [3], pp. 404, 405, Theorem 8.46(iii), Conditions
(v), (vi), (vii) are equivalent for metric compact abelian groups. r

Corollary 5.2 shows that the concepts emerging in Theorem 5.1 attain their true sig-
nificance in the case of nonmetric compact connected groups. By Example 2.4, the
character group of the discrete group ZN is a group satisfying the conditions of The-
orem 5.1 which is not arcwise connected. By 5.2, this example is minimal if we ac-
cept the continuum hypothesis. There are locally connected connected compact abe-
lian groups of weight 2@0 which are not strongly locally connected.

A compact connected abelian group ĜG is arcwise connected i¤ ĜG is a Whitehead
group, i.e. i¤ ExtðĜG;ZÞ ¼ f0g (see [3], p. 389, Theorem 8.30). We noted that every
Whitehead group is an S-group. Then Theorem 5.1 allows us to conclude.

Corollary 5.3. The exponential function of a compact arcwise connected abelian group

is open. r

We noted early on in our introduction that the exponential function of an arbitrary
torus is open. In [3] one finds a discussion of the fact that the statement ‘‘any arcwise
connected compact abelian group is a torus’’ is independent of ZFCþGCH. Thus
Corollary 5.3 is not quite as innocent as it looks.

The theory of S-groups and its interrelation with axioms of set theory has been
studied extensively (see [1], Chapter VIII). Theorem 5.1 therefore is a link between the
theory of compact connected abelian groups and that branch of the theory of abelian
groups.

Even though we have dealt with compact connected abelian groups, in view of the
known structure of locally compact groups, our results generalize to arbitrary locally
compact groups. A topological group G is locally connected if and only if its identity
component G0 is open in G and is locally connected. The inclusion morphism G0 ! G

induces a homeomorphism of pointed topological spaces HomðR;G0Þ!HomðR;GÞ.
If G is, say, a locally compact group, more generally, if G is any topological group
having a Lie algebra (see [4], Chapter 2), then this homeomorphism is in fact an iso-
morphism of topological Lie-algebras LðG0Þ! LðGÞ. Thus, in particular, for a locally
compact abelian group G, the exponential function expG : LðGÞ ! G is open onto its
image if and only the exponential function expG 0

: LðG0Þ!G0 is open onto its image.
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A connected locally compact abelian group G is isomorphic toRn�K with a unique
compact connected compact subgroup K of G by the Vector Group Splitting Theo-
rem (see [3], p. 348, Theorem 7.57(iii)), and LðGÞGRn�LðKÞ such that the exponen-
tial function may be written in the form expG : Rn � LðKÞ ! Rn � K , expGðv;XÞ ¼
ðv; expK X Þ. Hence expG is open onto its image if and only if expK is open onto its
image.

We finally note that by Pontryagin Duality, the largest compact connected
subgroup K of a locally compact abelian group ĜG is the annihilator subgroup of the
smallest open subgroup M of the character group ĜG such that ĜG=M is torsion free.

With these observations, Theorem 5.1 yields at once

Theorem 5.4. For a locally compact abelian group G, the following statements are

equivalent.

(O) exp 0
G : LðGÞ ! Ga is open.

(LC) G0 is strongly locally connected.

(LCa) Ga is locally arcwise connected.

(S) The character group K̂K of the unique largest compact connected subgroup K of

G is an S-group.

(S 0) If M denotes the smallest open subgroup of ĜG such that ĜG=M is torsion free,

then ĜG=M is an S-group. r

We realize that this may be extended appropriately to locally compact not necessarily
abelian groups; however, the exponential function then ceases to be a morphism and
condition (O) above has to be replaced by

(LO) expG : LðGÞ ! G is open at 1.

One needs to know the Iwasawa Splitting Theorem saying that a locally compact
connected group G is locally isomorphic to L� K where L is a connected finite di-
mensional Lie group and K a compact normal subgroup of G. Then one needs to know
structural results on the compact connected group K0 which are available through [3],
Chapter 9.
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