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Abstract. A variety of topological groups is a class of (not necessar-
ily Hausdorff) topological groups closed under the operations of forming
subgroups, quotient groups and arbitrary products. The variety of topo-
logical groups generated by a class of topological groups is the smallest
variety containing the class. The class of all topological groups underly-
ing Banach spaces is considered. It is shown that the variety generated
by this class equals the variety of all abelian topological groups.

1. Preliminaries

A non-empty class U of (not necessarily Hausdorff) topological groups is said to
be a vartety of topological groups [8] if it is closed under the operations of forming
subgroups, quotient topological groups and arbitrary products (with the Tychonoff
product topology). (For a survey of varieties of topological groups see [9].) If © is
a class of topological groups, then the smallest variety containing Q is said to be
the variety generated by 2 and is denoted by U (£2) (cf. [8] and [3]).

For a topological group G, let |G| denote the group obtained from G by “for-
getting” the topology. We call |G| the group underlying G. Further, let |G|; denote
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the topological group formed by taking |G| with the indiscrete topology. We note
that for a topological group G in a variety U, the topological group |G|; is also
found in U (8], Lemma 2.7).

For topological groups G, and G, we say G, ts topologically isomorphic to G,
if there exists a map f : G; — G, such that f is both an isomorphism of groups
and a homeomorphism.

Finally, in the context of topological groups, by a Banach space we mean a
topological group that underlies a Banach space.

2. Free Abelian Topological Groups and Free Locally Convex
Topological Vector Spaces

The proof of our main result revolves around the relationship between the free
abelian topological group on a completely regular space X and the free locally
convex topological vector space on the same space X. First, we recall the definitions
of these.

Definition 2.1 ([7]). Let X be a completely regular space and e a distinguished
point in X. The topological group FA(X) is said to be a free abelian topological
group on the space X if it has the following properties:

1. X is a subspace of FA(X);

2. X generates FA(X) algebraically;

3. for any continuous mapping ¢ of X into any abelian topological group G
which maps the point e onto the identity element of GG, there exists a contin-
uous homomorphism & of FA(X) into G such that ®(z) = ¢(z) on X. O

Definition 2.2 ([4]). Let X be a completely regular space. The topological group
FLCS(X) is said to be a free locally convex topological vector space on the space
X if it has the following properties:

1. X is a subspace of FLCS(X);

2. X is a (vector space) basis for FLCS(X);

3. for any continuous mapping ¢ of X into any locally convex topological vector
space V', there exists a continuous linear transformation ® of FLCS(X) into
V" such that ®(x) = ¢(z) on X. O

The following theoremn is not an obvious result. It shows that for a completely
regular space X, FA(X) is a subgroup of FLCS(X).

Theorem 2.3 ([14], Theorem 3; [15]). Let X be a completely reqular Hausdorff
space and let FLCS(X) be the free locally convex topological vector space on X.
Then the subgroup of FLCS(X) that ts algebraically generated by X is (with the

induced topology) topologically isomorphic to the free abelian topological group on
X. O
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3. The Variety Generated by Banach Spaces

We now turn our attention to the variety of topological groups generated by the
class of all Banach spaces. However, before we present the main result, we recall
the following two propositions.

Proposition 3.1 ([2], Section 7). Every Hausdorff topological group is a quotient
space of a topological space which admits a continuous metric. O

Proposition 3.2 ([1], Lemma 1). Let X be a topological space and G an abelian
topological group such that there exists a quotient map from X onto G. Then there
exists a quotient homomorphism from the free abelian topological group on X to G.

Proof. Let the quotient map from X to G be ¢ and denote the free abelian topo-
logical group on X by F. Then, by the definition of free abelian topological group,
there exists a continuous homomorphism ® from F to G such that &(z) = ¢(z) for
z € X. Clearly, ® is onto, so we need to show only that ® is a quotient map.

Let U C G such that ®~!(U) isopen in F. We know that @~ (U)NX = ¢~ }(U)
is open in X. Therefore, U is open in G. O

The following theorem is our main result asserting that each Hausdorff abelian
topological group is contained in the variety of topological groups generated by the
class of Banach spaces. Not only this, but each Hausdorff abelian topological group
is a quotient group of a closed subgroup of a product of Banach spaces.

Theorem 3.3. Every Hausdorff abelian topological group G is topologically iso-
morphic to a quotient group of a closed subgroup of a product of Banach spaces.

Proof. Let G be a Hausdorff abelian topological group. Then by Proposition 3.1,
G is a quotient space of a topological space X which admits a continuous metric.
Further, by Proposition 3.2, G is a quotient topological group of FA(X), the free
abelian topological group on X. By Theorem 2.3, FA(X) is topologically isomor-
phic to a subgroup of FLCS(X), the free locally convex topological vector space
on X. Recall that every locally convex Hausdorff topological vector space, in par-
ticular FLCS(X), is isomorphic as a topological vector space to a subspace of a
product of Banach spaces. Now, we know that the free abelian topological group on
X is Dieudonné complete ([14], Theorem 4) and hence is closed in any Hausdorff
group containing it as a subgroup. Therefore, FFA(X) is topologically isomorphic to
a closed subgroup of a product of Banach spaces. Thus, G is topologically isomor-
phic to a quotient topological group of a closed subgroup of a product of Banach
spaces. O

This theorem leads us to the fact that the variety of topological groups gener-
ated by the class of all Banach spaces is exactly the variety of all abelian topological
groups.

Corollary 3.4. The variety of topological groups generated by the class of all topo-
logical groups that underlie Banach spaces is exactly the variety of all abelian topo-
logical groups.
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Proof. Let B be the class of all Banach spaces and let A be the variety of all
abelian topological groups. Clearly, U (B) C A.

By Theorem 3.3, *U(B) contains all Hausdorff abelian topological groups. We
note that U(B) contains the topological groups R (the additive group of real num-
bers with the Euclidean topology) and Z (the discrete group of integers taken as
a subgroup of R) and so the circle group R/Z is in U(B). But it is well-known
that every abelian group is algebraically isomorphic to a subgroup of a power of
the divisible group R/Z. Hence, every abelian group appears in U(B) with some
topology. Therefore, U(B) contains all abelian groups with the indiscrete topology
([8], Lemma 2.7).

Finally, we note that for any abelian topological group H with identity ¢, H is
topologically isomorphic to a subgroup of the product group H/m x |H|; where
|H|; is the group |H| with the indiscrete topology and Ie—} is the closure of {e}.
Clearly, H/Ta is a Hausdorff abelian topological group and is thus contained in
U(B). Also, |H|; € U(B). Therefore, H € V(B).

Therefore, U(B) contains all abelian topological groups, and so U(B) = A, as
required. O

Remark 3.5. An alternative proof of Corollary 3.4 uses the extension of a metric
as described in Graev's paper [7] in the following manner.

1. If F is the free abelian group (with identity e) on a completely regular space
X that admits a metric d, then the extension of d to d’ on F as described in
Graev’s paper (7] has the property that for each a € F, d'(a?, e) = 2d'(a, e).
(This is not entirely obvious.)

2. By Enflo ([6], Theorem 2.4.1), every abelian topological group with the prop-
erty mentioned in part 1, in particular (F,d’), is topologically isomorphic to
a subgroup of a Banach space.

3. If X is a completely regular space that admits a continuous metric then its
topology is clearly defined by a family of continuous metrics {d, : i € I}.
Extending each of these metrics d, to a metric d; on the free abelian group
F on X using Graev’s method, then forming the sum of these topologies
on F yields the free abelian topological group on X (see [10], pp. 378-379;
[11], Proposition 1). Further, this sum is clearly topologically isomorphic to
a subgroup of the product [],¢;(F, d;).

4. Using parts 2 and 3, the free abelian topological group on X is topologically

isomorphic to a subgroup of a product of Banach spaces.

. The proof is completed by applying Proposition 3.1 and Proposition 3.2 to

G, a Hausdorff abelian topological group, then proceeding as in the proof of
Corollary 3.4.

[a

This approach is used later to show that the free abelian topological group on a
metrizable space X contains no small subgroups (cf. [13]).



The Variety of Topological Groups 323

4. Further Results

We recall the following concept, introduced by Enflo [6]. A topological group G
is said to be uniformly free from small subgroups if it contains a neighbourhood of
the identity, U, such that for every neighbourhood of the identity, V', there exists
a positive integer ny with the property that t ¢ V = z" ¢ U for some n < ny.

Proposition 4.1 ([12], Proposition 2.2). A topological group G is uniformly free
from small subgroups if and only if for some neighbourhood of the identity, U, the
sets

(1/n)U ={xeG:Yk=1,2,....n,z" € U}
form a netghbourhood basis at the identity. O

Remark 4.2. Using Proposition 4.1, it is routine to show that a subgroup of a
topological group uniformly free from small subgroups is also uniformly free from
small subgroups. Further, every topological group uniformly free from small sub-
groups clearly has no small subgroups [12]. Morris and Pestov noted that every
Banach space is uniformly free from small subgroups ([12], Theorem 2.6). This
allows us to prove Corollary 4.3.

The following result is a corollary to the proof in Remark 3.5.

Corollary 4.3. Let X be a completely regular space that admits a continuous met-
ric. Then the free abelian topological group on X has no small subgroups.

Proof. Let X be defined by the family of continuous metrics {d, : i € I'}. If one
of the metrics d; is extended to a metric d; on the free abelian group F on X using
Graev's method, then the topological group (F, d}) is topologically isomorphic to a
subgroup of a Banach space (see Remark 3.5, parts 1, 2 and 3). Therefore, (F,d!)
is a subgroup of a topological group uniformly free from small subgroups and so is
uniformly free from small subgroups. Hence, (F,d;) has no small subgroups (see
Remark 4.2). Since the free abelian topological group on X, FA(X), is the group F
with a finer topology than that induced by d}, F A(X) has no small subgroups. O

Before presenting our final result, we present the following lemma from the
work by Morris and Pestov.

Lemma 4.4 ([12], Lemma 3.2). Let G be a topological group uniformly free from
small subgroups. Then, whenever G is topologically isomorphic to a quotient group
of a topological subgroup of the direct product of a family G of topological groups,
G 1is topologically isomorphic to a quotient group of a subgroup of the product of a
finate subfamily of G. O

We can now prove an interesting result concerning Hausdorff abelian topological
groups that are uniformly free from small subgroups.
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Proposition 4.5. If a Hausdorff abelian topological group G is uniformly free from
small subgroups then it is topologically tsomorphic to a quotient group of a subgroup
of a Banach space.

Proof. By Theorem 3.3, G is topologically isomorphic to a quotient group of a
closed subgroup of a product of Banach spaces. Therefore, by Lemma 4.4, G is
topologically isomorphic to a quotient group of a subgroup of a finite product of
Banach spaces. Since a finite product of Banach spaces is a Banach space. G is
topologically isomorphic to a quotient group of a subgroup of a Banach space. [

This Proposition is extended in Remark 4.6 (3) below.

Remark 4.6. To conclude, we note the following points.

1. The class of all topological groups which are topologically isomorphic to a
subgroup of a Banach space is the class of all abelian topological groups G
(with identity e) that admit a metric d which has the property that for all
a € G, d(a?, e) = 2d(a, €) (Remark 3.5, parts 1 and 2).

. The class of all topological groups which are topologically isomorphic to a
quotient group of a subgroup of a product of Banach spaces is the class of
all abelian topological groups (Corollary 3.4).

3. The class of all topological groups (resp., Hausdorff topological groups) topo-
logically isomorphic to a quotient group of a subgroup of a Banach space is
the class of all pseudo-metrizable abelian topological groups (respectively.
metrizable abelian topological groups). To see this observe that in the Haus-
dorff case, for example, if G is a metrizable abelian topological group with
invariant metric d, then we can extend d to a metric d’ on the free abelian
group on the space G as in Remark 3.5 and by the same Remark, the free
abelian group with this metric can be embedded as a subgroup of a Banach
space. Further, the natural map of the free abelian group (F(G),d’) with
the metric d’ onto the topological group G is continuous as (d’, d) is non-
expanding and is clearly, then, a quotient mapping, which completes the
proof.

N
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