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In this paper we answer three open problems on varieties of topological
groups by invoking Lie group theory. We also reprove in the present con-
text that locally compact groups with arbitrarily small invariant identity
neighborhoods can be approximated by Lie groups.

Recall that a class U of topological groups closed under the operations of
forming subgroups, quotient groups and arbitrary products is called a variety
of topological groups. The following problems on varieties were formulated
in Colloquium Mathematicum [10]:

P1249. Theorem 7 of [10] says that if 2 is any class of topological
groups and if G is a Hausdorff group in the variety U({2) generated by (2
then G is a subgroup of a (possibly infinite) product of Hausdorff quotient
groups of closed subgroups of finite products of members of 2. If {2 consists
of abelian topological groups, this can be simplified. In that case G is a
subgroup of a product of Hausdorff quotient groups of finite products of
members of (2. Is this true in the absence of commutativity?

P1250. If 2 is a class of Lie groups and G is a Lie group in the variety
U(12) generated by (2, is it true that G is a quotient group of a subgroup of
a finite product of members of (27

P1251. Let U denote the variety of topological groups generated by the
class of topological groups having a compact neighborhood of the identity
which is invariant under all inner automorphisms. If G is a locally compact
group in U, does it have a compact invariant identity neighborhood?

Problem 1249 was first posed in [3], Problem 1250 in [9] as P897, and
Problem 1251 in [11].
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These questions remained unsettled, and we shall answer 1250 and 1251
in the affirmative and 1249 in the negative. Our entire discussion involves
Lie groups.

For dealing with 1251 we shall use an old result of Iwasawa (see 2.3 below)
which says that a locally compact group GG has a compact invariant identity
neighborhood if and only if G allows a proper homomorphism (see 0.1)
into an SIN-group, i.e., a group having arbitrarily small invariant identity
neighborhoods. We work in a mildly category-theoretical framework, which
necessarily leads us outside the class of locally compact groups.

In Section 3 we shall show that each locally compact SIN-group is a strict
projective limit of Lie groups.

Problem 1249 will be disposed of by a counterexample, and in Section 5
we deal with 1250.

0. Proper morphisms. We collect information on proper maps. A
topological space is called compact if it has the Heine—Borel property.

0.1. DEFINITION. A map f: X — Y between topological spaces is called
proper if it is closed and f~1(y) is compact for every y € Y.

Bourbaki [2, p. 115, Théoréme 1] points out that this condition is equiv-
alent to the following:

For each space Z the map f Xidz : X x Z =Y X Z is closed.

Furthermore, this condition implies that f=1(K) is compact for every
compact subset K of Y (loc. cit., p. 118, Prop. 6). The converse holds if Y
is locally compact (loc. cit., p. 119, Prop. 7). For the converse, it suffices in
fact that Y is a Hausdorff k-space.

Let TG denote the category of all topological groups and continuous
homomorphisms.

0.2. LEMMA. Consider a surjective TG-morphism ¢ : A — B and the
following two conditions:

(i) ¢ is a quotient morphism.
(ii) ¢ is a closed map.

Then (ii) implies (i), and if ker ¢ is compact, the two conditions are equiv-
alent.

Proof. The map ¢ is a quotient morphism if and only if a saturated
subset X = ¢ 1(p(X)) of A is closed exactly when (X) is closed. This is
clearly the case if ¢ is a closed continuous map.

Conversely, suppose that ¢ : A — B is a quotient morphism and that
ker o is compact. Let C C A be any closed subset. Then ¢~ !(¢(C)) =
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C'ker ¢ is closed. But then also ¢(C) is closed since ¢ is a quotient mor-
phism. =

0.3. PROPOSITION. For a TG-morphism f: G — H the following condi-
tions are equivalent:

(1) f: G — H is proper.
(2) The corestriction f : G — f(G) is a quotient morphism onto a closed
subgroup of H and ker f is compact.

Proof. By Definition 0.1, condition (1) says that ker f is compact and
that f is a closed map. Now f is closed if and only if f(G) is closed and the
corestriction f: G — f(G) is a closed map. Hence (1) is equivalent to

(1") ker f is compact; further, f(G) is closed; and finally, the corestric-
tion f: G — f(G) is a closed map.

Lemma 0.2 now establishes that (1’) and (2) are equivalent. m
We record from [2, p. 117, Cor. 3]:

0.4. PROPOSITION. Assume that f; : X; — Y}, j € J, is a family of
proper maps between spaces. Then HjeJ fi - HjeJXj — HjeJYj is a
proper map. m

1. A categorical lemma. We recall that a category is complete if it
allows arbitrary limits. In order to verify completeness it suffices to show
that arbitrary products and pull-backs exist. As a consequence, a subcat-
egory of TG is complete if and only if it is closed under the formation of
arbitrary products and under the passing to subgroups. The full subcate-
gory of TG containing all Hausdorff topological spaces will be denoted by
T2G. A subcategory of ToG is complete if and only if it is closed under the
formation of arbitrary products and under the passing to closed subgroups.

1.1. LEMMA. Let G be a complete and full subcategory of ToG. Define G’
to be the full subcategory of T2G containing all objects G of T2G for which
there is a proper morphism f : G — H such that H is an object of G. Then
G’ is also complete.

Proof. We must show that G’ admits products and is closed under the
formation of closed subgroups. Assume that {G; : j € J} is a family of
objects of G’. By definition of G’ there are proper morphisms f; : G; — H;
with H; € ob§. Since G is complete, H]EJ H; € obG. By Proposition 0.4,
the morphism HjeJ fi: HjeJ G; — HjeJ H; is proper. By the definition
of G’ once more it follows that HjeJ Gj € obg'.

Next assume that G € ob G’ and that A is a closed subgroup of G. There
is a proper map f : G — H with H € obG. Now f(A) is closed in H by
Proposition 0.3 and thus f(A) € ob@ since G is complete. The restriction
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flA: A — H is proper since it is closed and ker(f|A) = ANker f is compact.
Hence A € obG’. The proof is complete. m

2. An application to IN-groups

2.1. DEFINITION. Let IN denote the full subcategory of TG contain-
ing all groups which have a compact neighborhood of the identity which is
invariant under all inner automorphisms. The objects of this category are
called IN-groups.

Also, let SIN denote the full subcategory of TG containing all groups
with arbitrarily small invariant identity neighborhoods. Its objects are called
SIN-groups.

2.2. Remark. SIN is a complete subcategory of TG.

Proof. Clearly SIN is closed under the formation of arbitrary products
and the passage to subgroups. =

In [7], Iwasawa proved the following theorem:

2.3. THEOREM. For a locally compact Hausdorff group G the following
statements are equivalent:

(1) There is a compact neighborhood of the identity which is invariant
under all inner automorphisms of G; that is, G is an IN-group.

(2) There is a compact normal subgroup N of G such that G/N has
arbitrarily small compact invariant identity neighborhoods; that is, G/N is
an SIN-group. m

For a generalization of this theorem see Theorem 2.5 of Grosser and
Moskowitz [5].

2.4. COROLLARY. For a locally compact Hausdorff group G, the following
statements are equivalent:

(1) G is an IN-group.
(2) There is a proper morphism f: G — H with H € ob SIN.

Proof. Assume (1) is true. Combining Proposition 0.3 and Theorem 2.3
we see that the map f : G — G/N is a proper morphism and G/N is an
SIN-group.

Assume (2) is true. Since f(G) is a quotient of G, by Proposition 0.3
we know that f(G) is locally compact. Let V be an invariant identity
neighborhood in H such that V N f(G) is compact. Then U = f~1(V) is
compact since ker f is compact. It is clearly invariant. m

2.5. DEFINITIONS. The full subcategory of all topological groups G for
which there is a proper morphism f : G — H with H € ob SIN will be de-
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noted by KSIN. The objects of KSIN are called KSIN-groups. Let KSIN,
denote the full subcategory containing all Hausdorff objects.

From the above we obtain directly:

2.6. Remark. A locally compact Hausdorff group is an IN-group if and
only if it is a KSIN-group. m

2.7. PROPOSITION. KSINs s a complete subcategory of ToG containing
T2G NIN.

Proof. This follows immediately from 1.1 and 2.2. m

Recall from the introduction that the variety U of topological groups
is generated by all IN-groups. Considered as a full subcategory of TG, it
is the smallest full complete subcategory of TG containing IN. Thus it is
contained in KSIN. Therefore:

2.8. COROLLARY. If a locally compact Hausdorff group belongs to U then
it is an IN-group. m

This settles P1251 of [10] in the affirmative.

3. SIN-groups are Lie-projective. Grosser and Moskowitz [5] proved
structure theorems for locally compact SIN-groups (among other things).
We reprove in this section that every SIN-group can be approximated by
Lie groups ([5], 2.11(1); see also [1], Theorem 1.2, Corollary 1).

3.1. DEFINITION. We say that a topological group G is a pro-Lie group
if for every identity neighborhood U there is a compact normal subgroup N
contained in U such that G/N is a Lie group. m

In other words, a pro-Lie group is a strict projective limit of Lie groups.
Note that pro-Lie groups are always locally compact. Each locally compact
Hausdorff group which is compact modulo its identity component is a pro-
Lie group. A pro-Lie group without (arbitrarily) small subgroups is a Lie
group [8].

3.2. PROPOSITION. Let G be a pro-Lie group and A C AutG a group
of automorphisms. Assume that G has arbitrarily small A-invariant neigh-
borhoods of the identity. Then G has arbitrarily small normal subgroups N
such that G/N is a Lie group and N is A-invariant.

Proof. Let W be any identity neighborhood of G. We pick a compact
normal subgroup M contained in W such that G/M is a Lie group. This is
possible because G is a pro-Lie group. Then

N:= () a(M)

acA
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is the largest A-invariant closed normal subgroup of G contained in M.
Obviously, N C W.

Since G /M has no small subgroups we find an identity neighborhood Vi
in G/M in which the only subgroup is trivial. Let Viz be the inverse image
of Vas in G. Then all closed subgroups K of G which are contained in Vg
are contained in M. Now let U be an A-invariant identity neighborhood of
G which is contained in V. We consider the A-invariant set

V=) ale).
a€cA
Since U is invariant, we have U C V; that is, V is an invariant identity
neighborhood containing N and contained in Vi;. Let H be any closed
subgroup of G contained in V' and containing N. We claim H = N. Proof:
Let « € A. Then a }(H) C o'V =V C Vg, and thus o }(H) C M
by the definition of Viz. Then H C «(M). Since aw € A was arbitrary, we
conclude H C (|, cqa(M)= N C H. Hence H = N as was claimed.
Therefore, G/N has no small subgroups and thus is a Lie group [8]. =

3.3. COROLLARY. Assume that G is an SIN-group containing a normal
subgroup N such that

(i) G/N is a Lie group, and
(ii) N s a pro-Lie group.

Then G is a pro-Lie group.

Proof. If U is an invariant neighborhood of the identity in G then UNN
is an invariant neighborhood of the identity in /N which is also invariant
under inner automorphisms I, : N — N defined by I,(n) = gng~! with
g € G. Thus Proposition 3.2 applies with A = {I, : g € G} and shows that
N contains arbitrarily small compact subgroups M such that N/M is a Lie
group and which are G-invariant. Thus these M are normal in G and G/M
is an extension of the Lie group N/M by the Lie group G/N, and thus is a
Lie group [4].

3.4. EXAMPLES. (i) Let L be a compact Lie group and let Z act auto-
morphically on P := L% by the shift. Set G = P x Z. Then N = P x {0}
is a pro-Lie group and G/N is discrete, thus a Lie group. But G is not
pro-Lie (and, therefore, not an SIN-group). So the SIN condition cannot be
dropped in 3.3.

Let Q := L®) denote the subgroup of all (g,)nez € P of finite support.
Then @ % Z is a dense subgroup of the KSIN-group G which is not itself a
KSIN-group. Therefore, the objects of KSIN do not form a variety. Note,
however, that the class of Hausdorff groups is closed under the formation of
arbitrary products, Hausdorff quotient groups, and closed subgroups.
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(ii) Let F be a finite field and M its multiplicative group. Then the
compact group MY acts automorphically on the discrete vector space V =
F® via (mp)nen * (fa)neny = (M fou)nen. Set G =V x MY, Then N =
V x {1} is discrete, thus is a Lie group, and G/N = MY is compact and
therefore a pro-Lie group. But G is not a pro-Lie group (and, therefore, not
an SIN-group, as we shall see in Theorem 3.6 below). m

These examples show that, in general, pro-Lie groups do not behave very
well under extension. In the presence of the SIN hypothesis, however, we
shall see shortly in 3.6 that the likes of Example 3.4(ii) cannot occur.

3.5. LEMMA. For a locally compact totally disconnected group G the fol-
lowing statements are equivalent:

(1) G is an SIN-group.

(2) G has arbitrarily small compact open normal subgroups.

(3) G is a strict projective limit of discrete groups (all bonding maps
being surjective and having compact kernels).

Proof. (2)=(1) is obvious.

(1)=-(2). Assume that G is an SIN-group. Let W be a compact invariant
identity neighborhood. Since G is totally disconnected, we find a compact
open subgroup V contained in W. Since G is an SIN-group we find a
compact invariant identity neighborhood U contained in V. Now set N =
N e gVg~!. Then N is clearly a compact normal subgroup contained
in ﬂgGG gWg~! = W. On the other hand, N contains ﬂgec gUg™! =
U. Hence N is open. Thus G has arbitrarily small compact open normal
subgroups.

(3) is simply a reformulation of (2). m

3.6. THEOREM. Ewery locally compact SIN-group is pro-Lie.

Proof. By Lemma 3.5, the factor group G/Gy has arbitrarily small
compact open normal subgroups. Hence there is a filter basis F of open
normal subgroups N of G such that N/Gq is compact and (| F = Gg. Take
N € F. Then G/N is discrete, hence is a Lie group. Since N/G is compact,
the group N is pro-Lie. Hence Corollary 3.3 applies and shows that G is a
pro-Lie group. m

3.7. Remark. Under the hypotheses of Theorem 3.6 and with the
notation of its proof there are normal subgroups N € F such that N =
R"™ x C' with a unique maximal compact subgroup C of V.

Proof. This follows from Corollary XII.1 in [6] or from Theorem 2.13
in[5]. m

3.8. COROLLARY. Let G be a locally compact group. Then the following
conditions are equivalent:
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(1) G is an IN-group.

(2) There is a compact normal subgroup N of G such that G/N is an
SIN-pro-Lie group.

(3) There is a compact normal subgroup N of G such that G/N is an
SIN-Lie group.

Proof. By Iwasawa’s Theorem 2.3, condition (1) is equivalent to

(1) There is a compact normal subgroup N of G such that G/N is an
SIN-group.

By Theorem 3.6, Condition (1’) is equivalent to Condition (2). Trivially,
(3) implies (2). Assume that (2) is satisfied. Then there is a normal closed
subgroup M of G containing N such that G/M is a Lie group and M /N is
compact. Then M is compact and normal in G and G/M is an SIN-group
since G/N is an SIN-group. Thus (3) holds. m

3.9. COROLLARY. Let G be a topological group containing a normal sub-
group N such that

(i) G/N is a compact Lie group, and
(ii) N is a locally compact SIN-group.

Then G is a pro-Lie group.

Proof. Take an N-invariant compact neighborhood V' of the identity
in N. Find a compact set K C G such that G = KN. Let W denote an
identity neighborhood of N. Then there is an identity neighborhood V' of N
such that (J,cx kVk=! C W; for if not then for every V there are elements
xzy € V and ky € K such that kvacvk‘jl ¢ W, since K is compact, the net
ky has a subnet ky, in K converging to k, and thus ky,zy, k‘jjl converges to

k1k~!' =1, contradicting the fact that kv, zy, k:;jl stays outside W. Set

U=JgVvg™'= |J knvn'k'=JrVE'CW
geG keKneN keK
since V' is N-invariant. Now U is the image of the compact space V x K
under the continuous function (v, k) — kvk™!. Hence it is a compact G-
invariant identity neighborhood of N contained in W.

Thus the hypotheses of Theorem 3.6 are satisfied with N in place of G
and the set of G-inner automorphisms I, : N — N, I,(n) = gng™!, in place
of A.

Thus N contains arbitrarily small compact subgroups M which are nor-
mal in G and are such that N/M is a Lie group. Then G/M is a Lie group. m

Note that this corollary does not directly follow from Corollary 3.3 since
here we do not assume that the entire group G, but only the subgroup N
is an SIN-group. The compactness of G/N is a stronger hypothesis here,
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however. Example 3.4(ii) shows that the conclusion of 3.9 fails if G/N is
only assumed to be a compact pro-Lie group rather than a compact Lie

group.

4. Solution to P1249. P1249 is answered in the negative by the
following example.

4.1. EXAMPLE. Let {2 denote the class of all (finite-dimensional) real
semisimple centerfree connected Lie groups. This class is closed under finite
products and quotients.

(1) Let G be a subgroup of a product of Hausdorff quotients of finite
products of members of (2. In the present case this means that G is a
subgroup of a product of simple centerfree real Lie groups. The adjoint
representation of a centerfree semisimple Lie group is faithful. It follows
at once that G has sufficiently many finite-dimensional representations to
separate the points.

(2) Let N be the Heisenberg group of all matrices

1 = =z
[x,y;2]:=[0 1 y |, =9 2€R,
0O 0 1

and let D = {[0,0;n] : n € Z} =2 Z. Then N C SI(3,R) and SI(3,R) is a
centerfree simple real Lie group. Hence G = N/D is a member of U(£2).
Now a finite linear representation of G has the center Z/D, Z = {[0,0; 2] :
z € R}, in its kernel (see e.g. [8], pp. 190-192). Therefore G cannot be one
of the groups constructed in paragraph (1). m

5. Regarding P1250

5.1. DEFINITION. We say that a topological group G has no small sub-
groups (or is an [NSS]-group) if there is an identity neighborhood U such
that {1} is the only subgroup of G contained in U. m

Evidently, a subgroup of an [NSS]-group is an [NSS]-group. A locally
compact group is an [NSS]-group if and only if it is a Lie group.

For a product [[,.;G; and a subset I C J we shall identify [[,.; G;
with a subgroup of HjeJ G in the obvious way and we let py : HjeJ G; —
[[;c; G; denote the projection.

5.2. LEMMA. Assume that G is a subgroup of a product HjeJ G of topo-
logical groups and that N is a normal subgroup of G. Suppose that G/N
is an [NSS|-group. Then there is a finite subset F' of J such that G/N is
isomorphic to pr(G)/pr(N).
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Proof. For any subset I C J let Ny = GN (N [[;c 5 ; Gj). We consider
the continuous homomorphism

(1) ¢r: G — pr(G)/pr(N),  ¢1(g9) = p1(g)pr(N).
We notice
keror ={g € G :pr(g) €pr(N)} =GN (N H Gj) = Ni.
jeq\I

Let U; denote the set of open identity neighborhoods of GG;. Then the set

Uy ={ [T W;: W; €U and (3F C 1) F is finite and j € I\ F = W; = G, |
jEI

is a basis for the filter of identity neighborhoods of [] jer G;. A basic open

identity neighborhood of p;(G)/pr(N) is given by

V=) (@0 TIV3) /), TT Vs e i
jer jel
We shall show that

(2) V:¢I(GQHUJ‘>, HUjEUJ and U; =

{VJ for jel,
jeJ jeJ

G; for je J\I.

In view of the definition of ¢; in (1), claim (2) will be proved once we
prove

3) pr(GnT[us) =p(@n IV
j€J jel

The left side is clearly in the right side. For a proof of the reverse con-
tainment in (3) we consider h = (h;)jes € [[;c; G; with pr(h) € pr(G) N
[Lje; V- Then there is a k = (kj)jes € kerpr = [];c;\; G such that
g:=hk € Gandg; = h; € V;for j € I. Now g € GN][;; Uj since U; = G;
for j € J\ I, and pr(h) = pr(h)pr(k) = p1(hk) = pi(g) € pr(G N L Uj).
This establishes (3) and thus (2). Now by (2) we know that ¢ is open. The
morphism

(4)  f1:G/Nr—p1(G)/pr(N),  fr(gNr1) = ¢1(g9) = p1(g9)pr(N),

induced by ¢; is therefore is an isomorphism of topological groups.
The basic identity neighborhoods of G/N are of the form

N(Gm I1 Uj)/N, [Tv; us.
jeJ =
We recall that [] jes Uj € Uy means that there exists a finite subset F' of J
such that U; = G for j € J\ F. By the definition of Np and the modular
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law,

Ne=Gn(N ] 6)=n(cn [] &) cn(en]]w).
JEINF jEI\F j€J

Thus {Np/N : F finite in J} is a filter basis of normal subgroups of G/N

converging to {N}. Since G/N is an [NSS|-group there is an F' such that

Np/N = {N}, i.e., Np. = N. Hence, in view of (4) we have found a finite

set ' C J such that fr : G/N — pp(G)/pr(N) is an isomorphism of

topological groups. m

Let us abbreviate various operations applied to a class {2 of topological
groups as follows:

P: the formation of the product of a finite family of members of (2,
endowing the product with the product topology,

C: the formation of the product of an arbitrary family of members of {2,
endowing the product with the product topology,

S: the passing to a subgroup of a member of 2 endowing the subgroup

with the induced topology,

the passing to a closed subgroup of a member of {2 endowing the

subgroup with the induced topology,

2]

Q: the forming of quotient groups of a member of {2 modulo a closed nor-
mal subgroup endowing the quotient group with the quotient topol-
ogy.

From Lemma 2 we deduce at once the following observation:

5.3. PROPOSITION. For a class §2 of topological groups, the members of
QSC(£2) which do not have small subgroups are contained in QSP(£2). m

The variety (§2) generated by §2 is obtained as U(£2) = SCQSP(£2)
(cf. [10], Theorem 7). It follows from 5.3 that the [NSS]-members of U(£2)
are contained in SPQSP(2). Note that

(a) HjeJGj/Nj ] HjeJ Gj/HjeJ N;, whence CQ C QC, and PQ C
QP.

(b) G C HjEJk Hyj, k Ef(, imﬁplies that [[,c Gr C erK,jeJk Hy;.
Thus PSP C SP. Similarly, PSP C SP.

Hence

(c) PQSP C QSP, and SPQSP C SQSP.

(d) Let H be a closed subgroup of G/N and let p : G — G/N denote
the quotient morphism. Set K = p~'H. Then K is a closed subgroup of G
and H = K/N (algebraically and topologically). Hence SQ C QS. Similarly
SQ € QS.
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Since obviously SS C S, we have SPQSP C QSP and SPQSP C QSP.
These observations yield the following result.

5.4. THEOREM. The class of members of U(§2) which do not have small
subgroups is contained in SPQSP(£2) C QSP(£2). =

We have the following corollary:

5.5. THEOREM. If 2 is any class of Hausdorff topological groups and
UB(12) the variety of Hausdorff topological groups generated by (2, then every
Lie group in B(2) is contained in QSP(£2).

Proof. A Lie group G has no small subgroups. Hence by Theorem 5.4,
if G € B(£2) then G € SPQSP(£2). But G is locally compact and therefore
is closed in any Hausdorff topological group. Hence G € SPQSP(£2) C
QSP(£) in view of (d) above. m

This answers P1250 in the affirmative. The assumption made in the
formulation of the problem that the class {2 should consist of Lie groups is
immaterial for the conclusion of Theorem 5.5.

The following example illustrates the fact that one has to be careful to
distinguish between embeddings (as closed subgroups) and injective contin-
uous homomorphic images of Lie groups.

5.6. EXAMPLE. Assume that G is the simply connected covering group of
the group S1(2,R). Let Z = Z denote the center of G and Z,, the subgroup
of index nin Z. Set 2 ={G/Z1,G/Z2,G/Zs,...}. Then

gr (an)nGN G — H G/Zn
neN

is an injective morphism of topological groups into a member of U((2).

However, G is not itself a member of the variety (f2). For if it were,
then, by Theorem 5.5, it would be in QSP. Thus we could find a fi-
nite sequence (ni,...,ny) of natural numbers and a closed subgroup H of
Hle G/Z,, such that G would be a quotient of H. Since quotient mor-
phisms are open, G would be a quotient of Hy, i.e., there would be a quo-
tient morphism 7 : Hy — G. Let R denote the radical of Hy. Since G is a
simple Lie group, m(R) = {1}. Let S be a Levi complement for the radical
in Hy. Then S is an analytic subgroup in Hy; a priori, it may not be closed.
However, its projection into G/Z,,, is a semisimple analytic subgroup and
thus is either {1} or G/Z,,. In any event, the center of S projects into
the center of G/Z,,. Hence the center of S is contained in the finite center
Hle Z/Z,, and is therefore finite. Thus the center of G = m(S) is finite—a
contradiction. m
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