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Abstract

The concept of approximating in various ways locally compact groups by Lie groups is surveyed
with emphasis on pro-Lie groups and locally compact residual Lie groups. All members of the
variety of Hausdorff groups generated by the class of all finite dimensional real Lie groups are
residual Lie groups. Conversely, we show that every locally compact member of this variety is a
pro-Lie group. For every locally compact residual Lie group we construct several better behaved
residual Lie groups into which it is equidimensionally immersed. We use such a construction
to prove that for a locally compact residual Lie group G the component factor group G/Gj is
residually discrete.
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Introduction

In the investigation of the structure of locally compact (Hausdorff) topological groups
there are several basic strategies:
e Reduce the problem to a question on Lie groups for which a rich theory is available.
e Investigate special classes of locally compact groups and present explicit structure
theorems in terms of direct or semidirect products of well-known components and
extensions.
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o Investigate projective limits of locally compact groups (sometimes locally compact
again, sometimes not).

Examples of special classes of locally compact groups are maximally almost periodic
groups (MAP-groups, i.e., groups which permit an injective morphism into a compact
group), groups possessing a compact invariant neighborhood of the identity (IN-groups),
groups possessing arbitrarily small invariant neighborhoods of the identity (SIN)-groups,
groups G with a center (Zentrum) Z such that G/Z is compact (Z-groups). Since the
sixties, a host of those classes have been investigated, and a good source of information
is the work by Grosser and Moskowitz (see [7]).

As regards the first and more general strategy, the best types of groups are the groups
satisfying the following property:

(1) G is atopological group and for every identity neighborhood U there is a compact
normal subgroup N contained in U such that G/N is a Lie group.

Such a group G is called a pro-Lie group. Note that pro-Lie groups are locally compact.

We list a few sample pieces of information known about these:

(A) If G is a locally compact group with identity component Gy such that G/Gg
is compact, then G is a pro-Lie group [14, Theorem 4.6]. In particular, every locally
compact group contains open pro-Lie subgroups [14, Corollary 4.5].

(B) Every Z-group is a pro-Lie group [7]. In particular, all compact and all abelian
groups are pro-Lie groups.

(C) Every SIN-group is a pro-Lie group [7], see also [11].

The characterisation (1) of pro-Lie groups suggests an equivalent reformulation. In-
deed, let N < G denote the statement “N is a normal subgroup of G ”. Then with each
topological group G we can canonically associate the set

N(G) = {N < G: G/N is a Lie group}

and observe that G € N(G). Note that N € N(G) implies that N is closed. We shall
observe (see Proposition 3.2(iii)) that A'(G) is a filter basis. We must recall what it
means that a filterbasis in a topological space converges to a point (see Section 1 below,
first paragraph). In terms of this terminology we have that (see Remark 3.3)

(2) a topological group G is a pro-Lie group if and only if it is a locally compact
group such that imN(G) = 1.

The concept of “approximating G by Lie groups” expressed in (1) and (2) can be
expanded so as to encompass a properly larger class than that of pro-Lie groups. Indeed
we shall say that a topological group G is a residual Lie group if

(3) the class of morphisms of topological groups from G into Lie groups separates
the points of G.

Obviously, every pro-Lie group is a residual Lie group, but the groups in Example 0.3
below are residual Lie groups, but not pro-Lie groups. Every MAP-group is a residual
Lie group (see Proposition 3.5 below), but the Lie groups which are not MAP form a
vast majority of all Lie groups, beginning with the 2-dimensional nonabelian solvable
group, the simple noncompact SI(2, R), and the three-dimensional nilpotent Heisenberg

group.
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The following condition on a topological group G is close to (3):
(4) The filter N (G) satisfies Y\N(G) = {1}

Clearly (4) implies (3), and if G is a locally compact group, then the two conditions are
equivalent (see Proposition 3.5 below). Thus a locally compact group G is a residual Lie
group if and only if \N(G) = {1}. Therefore, the difference between pro-Lie groups
and locally compact residual Lie groups is fully captured by the difference between the
two statements

HmN(G) =1 versus ﬂN(G) = {1}.

The concept of a residual Lie group is very much in the spirit of another general
strategy for approaching the structure theory of topological groups via that of Lie groups
or other special classes of well known groups, namely, the strategy of varieties borrowed
from universal algebra (see [16]):

o Investigate the smallest class of groups containing all Lie groups and being closed
under the formation of subgroups, quotient groups modulo closed normal subgroups,
and arbitrary products.

A class of topological groups is called a variety of Hausdorff groups if it is closed
under the formation of subgroups, quotient groups modulo closed normal subgroups, and
arbitrary products.

Since we are restricting our attention to Hausdorff topological groups, we note that a
variety of Hausdorff groups is not a variety in the original sense of the word used for
example in [16]. However, a variety in our present sense consists of all of the Hausdorff
groups in a variety in the sense of [16].

Let us abbreviate various operations applied to a class {2 of topological groups as
follows

P: the formation of all finite products of members of (2 with the product topology,

S: the passing to a subgroup of a member of {2 endowing the subgroup with the
induced topology,

S: the passing to a closed subgroup of a member of 2 endowing the subgroup with
the induced topology,

Q: the forming of quotient groups of a member of {2 modulo a closed normal sub-
group endowing the quotient group with the quotient topology,

C: the formation of the cartesian product of arbitrary families of members of f2,
endowing the product with the product topology.

Then the variety of Hausdorff groups 2(f2) generated by (2 is obtained as U(§2) =
SCQSP(£2) (cf. [16, Theorem 7]). If each member G of a class 2’ has sufficiently many
morphisms G — L into a member L of a class 2 to separate the points, then each
member of the classes S(£2'), C(£2’) (and thus certainly of P(§2')) has the same property.
The class A of finite dimensional real Lie groups satisfies QSP(A) = A. Hence

T(4) = SC(4),

and it follows that every member of 2(A) is a residual Lie group.
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We shall see in Example 0.5 that the additive group of any Banach space is a residual
Lie group. However, no infinite dimensional Banach space belongs to U(A). This is
proved in [11, 5.4]; recall that the additive group B of a Banach space has no small
subgroups. Compare also [15]. We shall see in Proposition 5.3 that every locally compact
group in U(A) is a pro-Lie group, and we shall see examples of locally compact residual
Lie groups which are not pro-Lie groups. The residual Lie groups in Example 0.3 are
not pro-Lie groups, hence they are not in B(A).

A closer look at the filter basis A'(G) of a topological group G reveals two canonical
constructions attached to G. In order to deal with these constructions in a systematic fash-
ion we may (and should) consider an arbitrary filter basis F of closed normal subgroups
of G. One can always pass to the quotients G/ [ F and N/ [\ F; most information on
the structure of G contained in the G/N is captured by this set-up. We shall therefore
assume, for the following discussion, that

(F={1}.

(Yet the example of IN-groups (sec Example 0.3 below) shows that not all interesting
properties are stable under extensions. Thus our assumption entails a certain loss of
generality even in the case of F = N(G). One can still satisfactorily deal with that
situation, however.)

Firstly, the filter generated by all sets UN = NU where U ranges through the identity
neighborhoods of G with respect to the given group topology © and N through F
generates the filter of identity neighborhoods of a second group topology Or on G
which, in general, is coarser than the given one. (Inspect Example 0.3 in this regard!)
Generally, it need not be a complete group topology. In fact, it need not be locally
precompact even if G is locally compact. We shall see that

— for a locally compact group (G, O) the group (G, Ox) is locally precompact if and
only if for some member N € F and all members M € F with M C N the factor group
N/M is compact. (See Proposition 1.3.)

Secondly, and more importantly, we attach to G a new group G £, namely the projective
limit limyer G/N C [[nerG/N and a canonical dense injection v:G — Gr (see
Lemma 2.1). The significance of the group topology O on G mentioned above is the
following: ~ induces an isomorphism of topological groups from (G, Ox) to ¥(G) (see
Lemma 2.1(v)), and G = emerges as a sort of completion. It is literally a completion if
G and thus all G/N are locally compact and hence complete. In this fashion we know
that

— for a locally compact group G the group G is a locally compact group if and only
if \F = {1} and there is a member N of F such that for all members M € F with
M C N the groups N/M are compact. (See Proposition 2.2 below.)

An instructive example is the Lie group G = R with the filter basis F of all subgroups
of Z except {0}. (See the comments following Theorem 4.2 below.) Then each G/N is
isomorphic to the circle group and G is the compact solenoid which is the character
group of the discrete group Q.
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A one-parameter subgroup of a topological group G is a morphism of topological
groups X :R — G. We denote the set of one-parameter subgroups of G by £(G).
Clearly £ is the object portion of a functor from the category of topological groups
and continuous group morphisms to the category of sets. On the full subcategory of
Lie groups, there is much additional structure attached to £. From [12] we recall the
following definition:

Assume that f:G — H is a morphism of topological groups. We say that f is an
equidimensional immersion if f is injective and for any one-parameter subgroup X : R —
H of H there is a one-parameter subgroup X':R — G of G such that X = fo X'
Equivalently, f is injective and induces a bijection £(f): £(G) — L£(H).

In the preceding example, v:R — R is an equidimensional immersion. Note that
here F # N(G). We shall show in Theorem 4.2 that

— For any locally compact residual Lie group G the canonical morphism v:G —
G ey is an equidimensional immersion.

Another example is the discrete group (hence Lie group) G = ZN with the filter basis
F of all partial products with finite co-rank. Then G is ZN with the product topology.
Hence G+ is nondiscrete complete metric separable totally disconnected but not locally
compact.

There is the question when v:G — G is an isomorphism. This is settled by the
following result (irrespective of local compactness!):

— If G is a complete topological group then the morphism ~v:G — G is an isomor-
phism of topological groups if and only if lim F = 1. (See Proposition 2.3.)

In particular,

— for a locally compact group G the following statements are equivalent:

(1) G is a pro-Lie group.

(2) imN(G) = 1.

(3) 7v: G — Gar(q) is an isomorphism of topological groups.

Many of our examples illustrate filter bases F with [|F = {1} which fail to satisfy
lim F = 1. It may be worthwhile to observe at least one case where the trivial intersection
suffices for the filter basis to converge:

—If F is a filter basis of closed normal and connected subgroups of a locally compact
group G intersecting trivially, then lim F = 1. (See Lemma 2.5.)

As a consequence we shall derive

— Every locally compact residual Lie group G is the strict projective limit
limy @y G/No of finite dimensional locally compact groups. (See Lemma 4.3.)

In many respects, finite dimensional locally compact groups are very close to Lie
groups. Example 0.6 shows that they do not have to be pro-Lie groups. In the applications
finite dimensional groups often serve almost as well as Lie groups (see for example
Stroppel [17]). The link between finite dimensional locally compact groups and Lie
groups is investigated in [12] in terms of equidimensional immersions.

While it is inherent in the concept of a variety that G € U(A) implies G/Gy € T(A)
it is by no means obvious that for a residual Lie group also G/Gy is a residual Lie group.
(In fact, the class of all residual Lie groups does not form a variety, see Proposition 5.1.)
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We shall show that this is nevertheless the case. In fact we shall prove the following
result (Theorem 4.6, Corollary 4.9):
Theorem. Assume that G is a locally compact residual Lie group and define I’ &f
limye () G/(GoNN). Then I is a residual Lie group and there is an equidimensional
dense immersion G — I such that

(i) Iy N N is compact for all sufficiently small N € N(I").

(i) I'/ T3 =2 G/Go.

(ii1) In G as well as in I the identity component is the intersection of all open normal
subgroups.

Claim (iii) will be established for I first, the assertion on G is then a consequence.
Thus this result illustrates the use of the techniques and constructions that are introduced
in this paper.

A topological group is called residually discrete, if the filter of open normal subgroups
intersects in {1}. Thus

— for a locally compact residual Lie group G, the factor group G /Gy is residually
discrete.

The investigation of locally compact residual Lie groups is thus, among other things,
reduced to that of locally compact totally disconnected residual Lie groups. Example 0.3
shows that there are totally disconnected residual Lie groups which are not pro-Lie
groups.

0. Basic definitions and examples

In this paper, we consider Hausdorff topological groups. We remark that there is some
reason to include non-Hausdorff groups when discussing varieties of topological groups,
see [16].

Definition 0.1. (i) A topological group G is called a residual Lie group if the continuous
group homomorphisms into Lie groups separate the points of G.

(i1) G is called a pro-Lie group if every identity neighborhood of G contains a normal
compact subgroup N such that G/N is a Lie group.

Example 0.2. Let L be a nontrivial compact Lie group and let Z act automorphically on
P % L2 by the shift. Set G = PxZ. Then N = P x {0} is a compact normal pro-Lie
subgroup and G/N is discrete, and thus a Lie group. But G is not a pro-Lie group (and,

therefore, not an SIN-group by [7]. Yet G is an IN-group).

Example 0.3. Let D be a discrete group, and A a compact nontrivial group of automor-
phisms of D. Then the compact group AN acts automorphically on the discrete group
V = D® via (@n)nen - (dn)nen = (@ndn)nen- Set G = Vx AN, Then N =V x {1} is
a discrete normal subgroup, thus in particular a normal Lie subgroup. The factor group
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G/N = AN is compact and therefore a pro-Lie group. But G is not a pro-Lie group
(and, therefore, not an SIN-group by [11]). It is not an IN-group.
However, the continuous homomorphisms

fi:G = DxA,  fe(((dn)nen, (@n)nen)) = (di, ax),

separate the points of G. Thus, if D> A is a residual Lie group, then G is a residual Lie
group. This is certainly the case if A is finite. If D is maximally almost periodic, i.e., if the
natural morphism Gp : D — a(D) into the Bohr compactification of D is injective and
if A is finite, then the action of A on D extends to an action of A on «(D) and the map

e:G — a(D)NNAN, 5(((dn)n€Na (an)nGN)) = ((ﬁ(dn))neNz (an)nEN):

is injective and thus G is an MAP-group.
If D is infinite, then D¥x AN is not even locally compact.

Special cases: (a) D = Z(3), A= {1,—1}, Dx A= S; yields the smallest example.

(b) D =Z, A= {1,—1}; Dx A is the infinite dihedral group. As an abelian group, D
is an MAP-group, and so G is a locally compact, totally disconnected MAP-group. Let
£ denote the filter of all cofinite subsets of N and F the filter basis of all closed normal
subgroups

Ns = {((dn)nen, (@n)nen) € G: (Ym e N) (m ¢ S) = (dp =0 and a,, = 1)},

where S € £. Then limgeg G/Ns = DNx AN is not locally compact.

(¢) D = Z(p*®), the discrete Priifer group for the prime number p, A the group of units
of the ring Z,, of p-adic integers. (We record that the additive group of Z,, is isomorphic
to the character group of D and that Z, may be identified with the endomorphism ring
of D. Also note that A = Z,\ pZ,.) Then G is locally compact totally disconnected, it is
not a pro-Lie group but is a residual Lie group. Similar conclusions hold as in case (b).
Example (b) above can be found in [1, Example 2]. For the general construction of
examples of this sort see also [2, p. 837].

Example 0.4. Let @, denote the locally compact field of p-adic rationals and set G =
SI(2,Qp). Then G is a locally compact totally disconnected group (in fact a p-adic Lie
group). Its center is Z = {1,—1} and PS1(2,Q,) is a simple locally compact totaily
disconnected group. It has arbitrarily small compact open subgroups, but no nontrivial
normal subgroups whatsoever. Thus it is not a residual Lie group.

Example 0.5. Let G be the additive group of a real locally convex topological vector
space. Then G is a residual Lie group. It is locally compact if and only if dim G < oco.

For a proof we need only note that the continuous linear functionals separate the
points according to the Hahn—-Banach theorem and that the image of every functional is
a Lie group. We recall that a Hausdorff topological vector space (over a locally compact
nondiscrete division ring) is locally compact if and only if it is finite dimensional.

Let E denote a vector subspace of the topological dual of G. Let F denote the
filter basis of all closed subspaces of finite codimension which are annullators of finite
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dimensional subspaces of F. Then the projective limit (cf. the introduction to Section 2)
G = limyer G/N is the completion of G with respect to the weak o(F, G)-topology.
If G is the topological dual of a locally convex vector space in the weak-x topology,

then G = G.

In general we see that there are vast residual Lie groups which are far from being
locally compact. Our discussion will concentrate on locally compact residual Lie groups.

Example 0.6. Let G denote the universal covering group of SI{2, R). Then the center Z
of G is infinite cyclic, and G/Z is simple. Let N'(G)* be the filterbasis of all nontrivial
subgroups of Z, i.e., the filterbasis of all nontrivial closed normal subgroups. This filter
basis has trivial intersection but it does not converge to 1 in G because none of its mem-
bers is compact. The group limy¢ ()< G/N is a locally compact semisimple group of
dimension 3 with a center isomorphic to the universal zero dimensional compactification
of Z, which is isomorphic to Hp is prime Ly

Lemma 0.7. Let G be a residual Lie group and C a compact subset not containing
the identity. Then there exist a Lie group L and a continuous group homomorphism
f:G — L such that C Oker f = 0.

Proof. For every ¢ € C, we find a Lie group L. and a continuous group homomorphism
fe:G — L. such that f.(c) # 1. By the continuity of f. there is a whole neighborhood
U, of ¢ in G such that 1 ¢ f.(U.). The compactness of C permits us to find elements
€1,...,¢n € Csuchthat C C U;'L=| Uc,. Then 1 ¢ U;L:] fe,[Ue,). Weset L = H;‘zl L.,
and define f: G — Lby f(g) = (fe,(9),-.., fe.(9)). Then 1 ¢ f(C) which is equivalent
to our assertion. O

Proposition 0.8. Every residual Lie group G satisfies the following condition:

(M) For any compact subset C C G not containing the identity there is a closed
identity neighborhood V in G containing a normal subgroup of G which is, in addition,
the largest of all subgroups contained in V.

Condition (M) implies

(L) For any compact subset C C G not containing the identity there is an identity
neighborhood V in G such that

(Vge G, HLG) HCV =gHg 'nC =0.

Proof. By Lemma 0.7 we find f:G — L with ker f N C = (. Since L is a Lie group
there is a closed identity neighborhood W in which {1} is the only subgroup of L. Let
V = f~YW). Then ker f is the largest subgroup of G among those contained in V. The
remainder is trivial. O

For the validity of condition (L) in a residual Lie group compare [2, Theorem 1.3 and
its corollary].
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1. Filter bases of normal subgroups and group topologies

We begin with background information. Let B be a filter basis on a set X. Let (B) =
{Y € X: (3B € B) B C Y} denote the filter generated by B on X. On a topological
space X let Ux (x) denote the filter of all neighborhoods of x in X. Recall that a filter
basis F on a topological space converges to x € X, written lim F = z if for every
neighborhood U of z there is an F' € F such that F C U. This is equivalent to saying
that Ux (z) C (F).

Recall that a filter basis B on a group G generates the neighborhood filter of 1 with
respect to a group topology O if and only if

M (WUeB)@VeB) VV-icCU.

() VU eB,ge GY3VeB) gVg ' CU.

We shall denote the filter of identity neighborhoods of a topological group G briefly
by U= UG.

Let F denote a filter basis of closed normal subgroups of G. Set

Ur ={UN: U el and N € F}.

Since N € F is normal we have UN = NU. It is readily verified that Uz satisfies
(I) and (II) above. It therefore defines a group topology Ox which is coarser than or
equal to the given group topology. Note that O is a Hausdorff topology if and only if
F = {1}. Our interest in O will become clear in Lemma 2.1 below.

The proof of the following lemma is straightforward.

Lemma 1.1. The following statements are equivalent:
{1y O =0g
(2) U C (F).
(3) imF = 1.

Lemma 1.2. Let M € F. Both O and Or induce on G /M the same quotient topology.

Proof. A basic identity neighborhood of G/M in the quotient topology of O is (a)
UM/M with U € U. A basic identity neighborhood of G/M in the quotient topology
of O is (b) UNM/M with U € U and N € F. The sets of type (a) and (b) are equal
assoonas NC M. O

Proposition 1.3. Assume rhat G is a topological group with respect to a topology © and
let F be a filter basis of closed normal subgroups such that (\F = {1}. Consider the
Jfollowing statements:

(1) O is locally precompact.

(2) For some N € F and all M € F with M C N the quotient group N/M is
precompact.

Then (1) implies (2), and if G is locally precompact then (1) and (2) are equivalent.
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Proof. (1) implies (2): By (1) there is an O x-precompact subspace UN with U € U/ and
N € F. In particular, N is Ox-precompact. Let M € F, M C N. Then by Lemma 1.2,
N/M is precompact in G/M (with respect to the unique quotient topology).

Assume now that G is locally precompact. We show that (2) implies (1): Let U € U
be a precompact O-identity neighborhood and let N be as in (2). We claim that UN is
O x-precompact. Let V € if and M € F with M C N. Pick W € U so that WW C V.,
Since U is precompact there is a finite subset Eyy C U such that U C WE};. Now
select a W’ € U so that zW'z~' C W for all z € Ey, and also W’ C W. Then
zW' C Wx for x € Ey. Since N/M is precompact, there is a finite subset Ex such
that N C WMENy = WENM. Set E = EyEn. Then UN C WEy;W'ENM C
WWEyEyM CVEM = VME. This proves the claim. O

The closure of a subset A of a topological space (X, ©) will be denoted by clp(A).
The identity component of a topological group G is denoted by Gy. A topological group
G is called alimost connected if G/Gy is compact.

For the following we recall that for a topological group G the set of all one-parameter
subgroups X :R — G is denoted by £(G). The function exp: £{G) — G is defined
by exp X = X(1). If G is a Lie group, then £(G) may be interpreted as the usual Lie
algebra of G. (Cf. [12].)

Lemma 1.4. Assume that G is a locally compact group.

(a) The identity arc-component G, is {exp £(G)).

(b) If ¢: G — H is a quotient morphism, then the following statements hold:
(i) The image q(Gy) is dense in Hp.
(i) If q is a closed mapping, or if Gy contains the kernel of q, then q(Goy) = H,.
(iii) In any case, H, = q(G,)}.
(iv) If connectivity on H is arc connectivity, then ¢(Go) = Hp.
(v) If H is a Lie group, then q(Go) = H.
(vi) If G is totally disconnected, then H is totally disconnected.

Proof. (a) Every locally compact connected group is a pro-Lie group [14]. Then by
the Theorem of Iwasawa [13] there is a compact connected group C and images of
one-parameter subgroups Ei,. .., Eg, all isomorphic to R, such that Gy = CE) --- E},
and that this decomposition is topologically direct. By the Theorem of Scheerer and
Hofmann [10], C = C’ A where the commutator subgroup C’ of C is a closed, semisim-
ple group satisfying C' = exp £(C’), and where A is a compact connected abelian
semidirect complement of C’. By Dixmier’s Theorem [6], A, = {exp £(A4)). Thus
G, 2 (exp £(G)) 2 AC'E) - - - E}. Since

(a,c,ep,...,ex) > acer e Ax C' x Ey x B, = Gy

is a homeomorphism, we have 4,C'E; - - - By, = G,. Thus claim (a) is proved.
(b) We prove assertion (vi) first. Assume that G is totally disconnected. Then there
exists a neighborhood basis B at 1 such that B consists of open subgroups of G. Since
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g is an open continuous mapping, the set {g(B): B € B} is a neighborhood basis at 1
in H. Now every ¢(B) is open and closed in H, whence H is totally disconnected.

In order to prove assertion (i), we consider the g-preimage X of the closure of ¢(Gy)
in H. We have to show that ¢(X) = Hp. It is clear that ¢(X) C H,. The quotient
G/X = (G/Gop)/(X/Go) is totally disconnected by (vi). But G/X = H/q(X ), whence
¢(X) 2 Ho.

(1) If g is a closed mapping, or if G contains the kernel of ¢, then g(Gy) is closed
in H, whence ¢(Go) = Hp.

(iii) It has been proved in [12, 1.3] that ¢ maps exp £(G) onto exp £(H). By Part (a)
above this implies ¢(G,) = H,, as asserted.

(iv) We have q(G,) = H, by (iii); thus H, = Hp implies ¢(Go) C Hy = q(G,) C
q(Gbo).

(v) In any manifold, connectivity is arc-connectivity. This therefore holds for any Lie
group, and thus (v) follows at once from (iv). O

Note that the conclusion ¢(Gy) = Hy for a quotient morphism ¢: G —» H does
not hold without some restriction on g. For example, consider the a-adic solenoid, as
constructed in [8, 10.12]: Let C be the group of a-adic integers. Then C is a compact
totally disconnected group with a dense cyclic subgroup generated by some ¢ € C. Form
the direct product C' x R, and factor out the discrete subgroup Z that is generated by the
pair (c, 1). Then the quotient S := (C x R)/Z is a connected compact group. However,
the image of the connected component of C x R is only the arc component of .S, a proper
subgroup. Note also that C x R is a locally compact abelian group, and that it is almost
connected (that is, the quotient by the connected component is compact). Thus C x R
belongs to a class of topological groups that is considered to be the nicest class next to
the class of abelian Lie groups: In fact, each locally compact almost connected abelian
group is a projective limit of abelian Lie groups.

If we drop the assumption that G is locally compact, even Lemma 1.4(b)(vi) is
false: Every topological group is a quotient of a totally disconnected topological group,
see [18].

Proposition 1.5. Let F be a filter basis of closed normal subgroups of a topological
group G such that (| F = {1}. Then the following conclusions hold:
(i) ONE}' Clo}.(GoN) = Clof G().
(ii) mNE}' Clof(GoN) = mNE.’F Clo(GoN).
(3) If G is locally compact and G/N is a Lie group then GoN ¢ O.
(iv) If all GoN are closed in (G, O), which is certainly the case if all GoN € O,
then mNE.’F GoN = C]o}_ Go.

Proof. (i) We have

cloyGo € () clos(GoN)C [ clos(GoUN).
NeF (UN)eOXF
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Since in a topological group the closure of a subset A is computed as ()¢, AU, the
last set is equal to clp, Gg and the assertion follows.

(i) Clearly, since Ox C O the right hand side is contained in the left hand side.
Conversely, let € (\ycxcloz(GoN). Then for each (U,N) € U x F there are
elements gy, Ny € Go, ww,ny € U and ny, Ny € N, such that z = gy vyww, My u,N)-
Now

def 4 .
YN = YumIomiwn €Go and - lim upwy =1 wrt O.
Hence
: / _ : -1 I
(U,Nl)lrenuxfg(U'N)n(U’N) - (U,z\zl)lénuxfu(UvN)l =7 wrtO.

It follows that z € clp(GoN) for all N € F and the assertion follows.

(iii) If f: G — L is a quotient morphism of a locally compact group onto a Lie group,
then f(Go) = Lo by Lemma 1.4(b)(v). If N = ker f, this means GoN = f~'(Lg). Then
Gy N is open, since Ly is open.

(iv) is a consequence of (1) and (ii). O

Lemma 1.6. Let F denote a filter basis of closed sets in a topological group G and let
C be a compact subspace. Then C(\F = (\pez CF.

Proof. Clearly, the left hand side is contained in the right hand side. Now let ¢ €
ﬂFef CPF. Then for each F' € F there are elements ¢y € C and fr € F such that
g = crfr. Since C is compact there is a subnet (cr,);es of (cr)rer with a limit
ce C.Now f & limje s fr, = limje s c}j‘g = ¢~ g exists. Also, fr; € F as soon as j
is so large that F; C F. Hence f € F forall Fand thus f € N F. O

Lemma 1.7. Let F denote a filter basis of closed subgroups in a topological group G
such that (\F = {1}, and let H be a closed subgroup. Assume that there is an N ¢ F
such that H N N is compact. Then H = (o HF.

Proof. We set C = HN N and apply Lemma 1.6 to the filter basis {M € F: M C N}
Thus we obtain

c= () cm (1.DH

NDMeF

We set Hy = (\ysper HM. Clearly H C ez HF C Hy. Let

a¥HnNN= () (HMAON). (1.2)
NDOMerF
The modular law for groups asserts that HM NN = CM. Thus (1.1) implies
| HEHMAN)= [} CM=C (1.3)

NDMeF NDMeF



K. H. Hofmann et ai. / Topelogy and its Applications 71 (1996) 63-91 75

From (1.2) and (1.3) we conclude C; = C. Hence Hy N N = H N N. By the modular
law again, we have H(H,NN) = HiNHN = H,. Thus we obtain H, = H(H;NN) =
H(H N N) = H, and the assertion follows. O

2. Filter bases of closed normal subgroups and projective limits

Let F be a filterbasis of closed normal subgroups of a topological group G. Then
for N C M in F there is a natural homomorphism fyn:G/N -+ G/M given by
f(gN) = gM. Since G/M = (G/N)/{(M/N), this morphism is a quotient morphism.
The farnv form an inverse system whose projective limit we denote by

G = ll]ll G N.
Reca“ t}lat

Gr = {(gNN)NE;.- e [[ 6/N: (vM, N € F)
NeF

(NQM):gNM:gMM}.

A comprehensive theory of projective limits of topological groups is given in [3, Chap-
ter III, Section 7]. There is a natural morphism v:G — Gz, v(9) = (gN)yer.
Also, for each N € F the projection induces the limit map fn:Gx — G/N,
fn((gmM)per) = guN. Let N = ker fy, and let F = {IV N e F}.

Lemma 2.1. With the notation introduced in the preceding paragraph we have:
(i) Every identity neighborhood of G contains one of the form f{,l(UN/N) with

U an identity neighborhood in G.

(i) kery = NF, and if q¢:G — G/(\F denotes the quotient morphism and
Y :G/NF = Gr, ¥(gNF) = v{(g), then ' is injective and v = ' o qg.

(i) im v = Gx.

(v) fn:GF - G/N is open and G}'/]F\V/V ~ G/N.

(v) v induces an isomorphism (G,Ox)/ kery — ¥(G) of topological groups.

Proof. (i) Let U be an identity neighborhood of G=. Then there is a basic open identity
neighborhood V' in [[ - G/N such that VNG C U. As V is basic there is a finite
set {N1, ..., Ny} C F such that we have open identity neighborhoods Uy, ..., Uy in G
being Ni, ..., Ny-saturated, respectively, such that V' = HNE}- Vn with

Uj/Nj, fOI‘N:Nj,jzl,...,k,
Vn =

G/N, otherwise.
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Since F is a filterbasis, there is an M € F with M C ﬂ?zl N;. Now Upy = ﬂle U;
is an open M -saturated identity neighborhood such that Uy N;/N; C U,;/N; for j =
1,..., k. Let W =[] yer W such that

Un/M, for N=M,

Wy =
G/N, otherwise.

We put W T WNGrCVNGr CU. Now W = Fi (UpeM/M), and this proves the
claim.

(i1) is clear.

(iii) Let § = (gnN)ner € Gx and let U be an identity neighborhood in G. By (i)
we find an identity neighborhood U of G and an M € F such that f, (UM/M) C U.
Now v{(gan) = (gmN)ner and

Far(v(ga)7'9) = far (93 9N N)Ner) = g3 guM = M,

the identity of G/M. Thus y{(gn) € §M C GU.

(iv) Since every identity neighborhood of Gx contains one of the form fﬁl(UN/N)
with U € U it follows that fp is open. Since fy is surjective and has the kernel N, the
remainder follows.

(v)Let U € U and N € F. Then v~' f'(UN/N) = UN. Since the f5'(UN/N) =
UN form a basis of the filter of identity neighborhoods of G+ by (i), the map -y induces
a continuous and open surjective morphism (G, Oz) — v(G), and this directly implies
the assertion. 0O

Proposition 2.2. Let F denote a filter basis of closed normal subgroups of a locally
compact group G. Then the following statements are equivalent:

(1) GF is locally compact.

(2) There is an N € F such that for all M € F with M C N the factor group N/M
s compact.
If these conditions are satisfied, then there is a member N € F such that N = ker fn
is compact and satisfies Gr /N = G/N.

Proof. First we note that all G/N, N € F are locally compact and hence are complete.

Thus P & [InexG/N is complete, and since G = limyex G/N is closed in P, we

have G r is complete.

Next we observe that we can assume that [} F = {1}; otherwise we replace G by
G/ F and all N € F by N/ F.

Now assertions (iii) and (v) of Lemma 2.1 show that G & is the completion of (G, O ).
Hence G is locally compact if and only if (G, OF) is locally precompact. By Propo-
sition 1.3 this is the case if and only if (2) holds.

Now assume that (1) and (2) are satisfied. Let U be a compact identity neighbor-
hood of G#. Then by Lemma 2.1(i), U contains an identity neighborhood of the form
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fg,'(({N/N) and thus certainly contains N = ker f. Hence N is compact. Finally
Gr/N = G/N by Lemma 2.1(iv). O

The preceding proposition was proved in [12, Theorem 4.1].

Example 0.3(b) shows how Condition (2) of Proposition 2.2 may be violated. There
we find Gr = limyer G/N = ZNx{-1,1}N in the product topology. This group is
completely metrizable and separable but not locally compact. (The underlying space is
homeomorphic to the space of irrational numbers in the topology induced from that of
R, see [4, Section 6, Example 7, p. 143].)

Proposition 2.3. Let F denote a filter basis of closed normal subgroups of a topological
group G. Consider the following statements:

(1) v:G — Gg is an isomorphism of topological groups.

(2) imF = 1.

Then (1) implies (2) and if G is a complete topological group, then they are equivalent.

Proof. (1) implies (2): Let U be an identity neighborhood of G. Then (U) is an identity
neighborhood of G by (1). By Lemma 2.1(i) it contains an identity neighborhood of
the form fi,'(VM/M). Thus M = v~ '(f3;'(1)) € v~ (f3;/(VM/M)) C U. Since U
was an arbitrary neighborhood of | in G, we have shown that F converges to 1.

Assume that G is a complete topological group. We show then that (2) implies (1).
Since G is Hausdorff, " F C NUg = {1} in view of (2). Hence v is injective by
Lemma 2.1(ii). Now let (gvN)ner € Gx. Assume that U € Ug. Then by (2) there is
a K € F suchthat K CU. Then N, M C K implies gMg;{l € K and gNg‘,}' € K and
thus gMg;,] € K C U. Hence (gn)ner is a Cauchy net on G. Since G is complete,
g = limyer gy exists. If Ny M € F, then M C N implies gpr € gv IV, and since N is
closed, it follows that g = limpye + gasr € gnN. Therefore

(9) = (gN)ner = (gnN)nerF,

which shows that v is surjective. Thus + is bijective. From Lemma 2.1(v) and 1.1 as
well as from hypothesis (2) we conclude that v is a homeomorphism. O

Lemma 2.4. Let F be a filterbasis of closed subsets of a Hausdorff topological space
and assume that F contains an element which is a compact set. Then the following
statements are equivalent:

(1) imF = x.

2 NF ={z}.

Proof. (1) implies (2): Since X is Hausdorff, we have (1 F C NUx(z) = {z}.

(2) implies (1): Let N € F be compact and assume (| F = {z}. Let U be any
open neighborhood of z. Now {M € F: M C N} is a filter basis of compact sets
intersecting in {x}. There is at least one of these M contained in U, for if not, then
{M\U: N2 M € F} is a filterbasis of compact sets which, accordingly, has a point
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g in its intersection. On the one hand, ¢ € (N F = {z}, on the other g € G\ U, a
contradiction. O

Lemma 2.5. Let F denote a filter basis of closed normal connected subgroups of a
locally compact topological group G such that (\F = {1}. Then lim F = 1,

Proof. Let H be an almost connected open subgroup of G; such groups always exist
[14, Corollary 4.5]. Since H is open, we have H N N = N for every N € F; recall
that the elements of F are assumed to be connected. It is therefore no loss of generality
to assume that G is almost connected. Let U be an identity neighborhood of G. Then
there is a compact normal subgroup K of G contained in U such that G/K is a Lie
group [14, Theorem 4.6]. For M € F we obtain a closed normal subgroup M K of G
and thus a closed novmal subgroup M K/K of the Lie group G/K. By Lemma 1.7 we
have Ny r MK = (NF)K = K. Thus, Ny MK/K = {1} in G/K. The closed
connected subgroups of a connected Lie group satisfy the descending chain condition
and all MK/K are connected since all M &€ F are connected. Hence, eventually,
MK/K = K/K and thus M C K, eventually. By Lemma 2.4, lim F = 1 follows. 0

Proposition 2.6. Let F denote a filter basis of closed normal subgroups of a locally
compact topological group G. Assume that (\F = {1}. Then the following conditions
are equivalent:

() imF = 1.

(2) F contains a compact member.

(3) F contains a member which is contained in an almost connected open subgroup,
and eventually all M € F are almost connected.

Proof. (1) implies (2): Since G is locally compact we find a compact identity neighbor-
hood U in G. By (1) there is an N € F such that N C U. Then N is compact.

(2) implies (1): Lemma 2.4 proves this assertion.

(2) implies (3) is trivial.

(3) implies (2): Define G = {My: M € F}. Since My is characteristic in M and
(M N N)o C Myn Ny, the set G is a filterbasis of closed normal connected subgroups
of G. Clearly ()G = {1}. Now Lemma 2.5 and (3) imply limG = 1. In particular, there
is an M € F such that My is compact. But M /M, is compact eventually by (3). Hence
M is compact, eventually. O

With a filter basis of closed normal subgroups one can canonically associate other
filter bases of closed normal subgroups.

Definition 2.7. Assume that F is a filter basis of closed normal subgroups of a topolog-
ical group G. We let Fy denote the filter basis of all identity components Ny of members
N ¢ F, and F|Gp the filter basis of all GoN N, N ¢ F.

Clearly, for each N € F we have Ny € Go N N. Thus (F|Gy) < (Fo).
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We first discuss the filter basis Fo.

Proposition 2.8. Let G be a locally compact group and F a filter basis of closed normal
subgroups such that (\F = {1}. Then the following conclusions hold:
(i) The canonical map

10:G = Gr, & Jim G/No

is an isomorphism.
(ii) For every N € F the quotient morphism qn : G/No — G/N, qn(gNo) = gN has
a totally disconnected kernel Ay ! N/Ny. The morphism
I a~: II /Mo — T G/
NeF NeF NeF
induces a quotient morphism q: Gx, = Gx such that

idg
G ——

ol e

Gr, —— Gr
q

commutes.

Proof. (i) By Lemma 2.5, lim Fy = 1. Then the assertion follows from Proposition 2.3.

(ii) Since G/N = (G/Ny)/(N/Np) the map gy is indeed a quotient morphism, clearly
Ap is totally disconnected. Because G and therefore all G/Ny and G/N are locally
compact, [ [y qn also is a quotient morphism. The remainder is straightforward. O

Secondly we discuss the filter basis F|Gy. We begin with a few lemmas.

Lemma 2.9. Let G be a Lie group with finitely many components and D a discrete
normal subgroup. Then there is a unique natural number v(D) and a finite subgroup
F(D) of D which is central in Gy such that A(D) & Go N D is isomorphic to Z7P) x

F(D) and D/A(D) is finite. The group F(D) is characteristic in A(D).

Proof. There is a bijection from D/GyN D onto DGy/Go < G/Go. Thus D/GoN D is
finite. Now A(D) = GoND is a discrete normal subgroup of Gy and thus is central in Gy.
Thus A(D}) is contained in a connected abelian closed Lie subgroup (see [9, Chapter XVI,
Section 1, Theorem 1.2, p. 189]). We conclude that A(D) is finitely generated. If v(D)
is the torsion free rank of A(D), then A(D) = Z"(P) x F(D) where F(D) denotes the
characteristic maximal finite subgroup of A(D). O

Lemma 2.10. Under the assumptions and with the notation of 2.9 assume that F is a
filter base of normal subgroups of G contained in D such that (\F = {1}. Then there
is an N € F such that

(i) Gon' N = Z™N) and that
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(i) all M € F contained in N have finite index in N.

Proof. The set of natural numbers
r(M)e{0,...,r(D)}, MEeF,
has a minimum 7(N;). Now let N € F with N C N;. Then r(N) = r(N;), A(N) =
GoNN CGyNN; = A(Ny) and F(N) C F(Ny). Since F(N;) is finite and
( F)c(F={1}
NIDNeEF

there is an N C Ny such that F(N) = {1}. This implies that A(N) = Z"™), Now
N 2 M € F implies that A(N)/A(M) is finite. Since

N/A(N) = (N/A(M))/{A(N)/A(M))
is finite we obtain that N/A(M) must be finite. But then
N/M = (N/A(M))/(M/A(M))

is finite, too. O

Lemma 2.11. Let G be a locally compact almost connected group and F a filter basis
of closed subgroups such that (\F = {1}. Then there is an N € F such that N/M is
compact for all M € F contained in N.

Proof. The group G is a pro-Lie group [14, Theorem 4.6]. Let K be a compact normal
subgroup of G such that G/K is a Lie group. Then there is an open identity neighborhood
U of G such that any subgroup of G contained in U is contained in K. By Lemma 2.5
we find P € F such that P, C K. Then D = PK/K is a discrete normal subgroup
of the Lie group G/K which has finitely many components. By Lemma 2.10 there
is an N € F contained in P such that for all M € F such that M C N we have
that NK/MK = (NK/K)/(MK/K) is finite. Since K is compact then M K/M is
compact. Hence NK/M is compact. Therefore the subgroup N/M is compact. The
claim is proved. O

This lemma applies, in particular, to the identity component of a locally compact group
and yields the following result:

Proposition 2.12. Let G be a locally compact group and let F be a filter basis of closed
subgroups such that (\F = {1}. Then the group

G]:lGn = Jlflg}: G/(GO n N)

is locally compact.

Proof. We apply the preceding Lemma 2.11 with Gy in place of G and with F|Gp in
place of F, and then conclude the assertion from Proposition 2.2. O
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One-parameter subgroups

A one-parameter subgroup of a topological group G is a morphism of topological
groups X :R — G. We denote the set of one-parameter subgroups of G by £(G).
Clearly £ is the object portion of a functor from the category of topological groups
and continuous group morphisms to the category of sets. On the full subcategory of
Lie groups, there is much additional structure attached to £. From [12] we recall the
following definition:

Definition 2.13. Assume that f:G — H is a morphism of topological groups. We say
that f is an equidimensional immersion if f is injective and for any one-parameter
subgroup X :R — H of H there is a one-parameter subgroup X':R — G of G
such that X = f o X’. Equivalently, f is injective and induces a bijection £(f):
£(G) — L£(H).

Lemma 2.14. Let f: G — H be a morphism of locally compact groups. Then we have
the following conclusions:

(1) If f is a quotient morphism then every one-parameter subgroup of H lifts to one
in G; that is, £(f): £(G) — L£(H) is surjective.

(ii) ker f is totally disconnected if and only if £(f) is injective.

Proof. (i) was shown in [12, Lemma 1.3].
(ii) Assume that ker f is totally disconnected and let X, Y :R — G be two one-
parameter subgroups such that

foX =L(f)(X)=£L(f)Y)=foY.

Equivalently, for all » € R we have f(X(r)Y(r)~!) = 1. Then we have the con-
tinwous function r > X (r)Y(r)~':R — ker f. Since R is connected and ker f is
totally disconnected, this function is constant and for r = 0 takes the value 1. Hence
X =Y.

Conversely, assume that £(f) is injective. Now £(f)(L(ker f)) = {Og} where
0 : R — H is the constant one-parameter subgroup. Since £(f) is injective, L(ker f) =
{0} follows. But ker f is a locally compact group. Since every connected locally com-
pact group possesses nontrivial one-parameter subgroups we conclude that £(ker f) =
{0¢} is equivalent to (ker f)o = {1}. The assertion follows. O

Theorem 2.15. Let G be a locally compact group and let F be a filter basis of closed
normal subgroups. Then v: G/ (\F — G is an equidimensional immersion.

Proof. By Lemma 2.1(ii) vy is injective, and we may assume that [ | F = {1}. The kernel
N/Ny of the quotient morphism gy : G/Nyg — G/N is totally disconnected . Thus by
Lemma 2.14, £(gn): £(G/Ny) — £(G/N) is bijective. It is readily observed that the
functor £ preserves products. Hence £([] ycrqn) defined by
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S(HNEF q”)

L ([Iner G/No) ———— L([Iyer G/N)

=| |=

[yer €G/No) ————— Tlyer £(G/N)
£(gqn)
is bijective. Now let X : R — G x be a one-parameter group of G C [[ yc 7z G/N. Then
there is a unique one-parameter group X' : R — [Ty » G/No suchthat [] v » gvo X' =
X. We are finished if we can show that X'(r) € limyex G/Ny for all 7 € R. However,
we know that X'(r) = (an{(r)Ng)ner for a familiy of functions ay : R — G. Likewise
X('I‘) = (,BN(T')N)NE]T with

(@) an(r) € By(r)N, and

(b) VM, Ne F,M C N) (Bum(r)e Bn(r)N.
We must show that

© VM, NeF,MCN) amu(r) e an(r)N.

Thus let M, N € F and M C N. Then, since r — ap{r)Mo:R — G/M, and
r > ay(r)Nyg: R — G/Ny are continuous, the function

dynir— aN(r)_laM(r)No, R — G/Ny s continuous. 2.1

By (a) we have ap(r)M = By (r)M, whence ap(r)N = Bm(r)N and an(r)N =
Bn(r)N. Thus

an(r) " an(r) € B (r) "' Bur(r)N. (2.2)
From (b) we know Bn(r)~!Bp(r) € N, whence (2.2) yields
(vr e R) an(r) 'am(r) € N. (2.3)
It follows that
(vr e R) an(r)"'ap(r)No € N/No. 2.4)

Since N/Nj is totally disconnected and R is connected, (2.4) implies that the continuous
function dps v in (2.1) is constant. But ap(0) € My € Ny and an(0) € No. Thus
d,n(0) is the identity of N/No. This means

(Vr € R) am(r)No = an(r)Ny,

and this is (¢), which we had to show. O

3. Canonical filter bases of normal subgroups

Definition 3.1. (i) For any topological group G we let N(G) denote the set of all closed
normal subgroups such that G/N is a Lie group. Note that G € N(G).

(i1) The set of all kernels of a morphism G — L into some Lie group will be denoted
by £(G). Obviously, N (G) C L{G).
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(iii) The set of all open normal subgroups is denoted by ON(G). Note that G €
ON{G) and that ON(G) C N(G).

Proposition 3.2. (i) If f:G — L is a morphism of a locally compact group G into a
Lie group L, then ker f € N(G). In particular, for a locally compact group G we have
L(G) = N(G).

@) If f:G — H is a morphism of topological groups onto a Lie group, then
f~Y(Ho) € ON(G).

If G is locally compact , then ON(G) = {GoN: N € N(G)}.

(iil) £(G) and ON(G) are filter bases.

Proof. (i) Let V denote an open identity neighborhood of L not containing nontriv-
ial subgroups. If N is any subgroup containing ker f and contained in f~!(V'), then
N = ker f. Thus G/ ker f is a locally compact group which has no small subgroups and
thus is a Lie group. Hence ker f € A(G) by definition.

(ii) If H is a Lie group, then Hy is open. Hence the continuity of f implies that
f~'(Hp) is open. Since f is surjective, f~!(Ho) is normal. If G is locally compact
and N € N(G), then GyN is open by Proposition 1.5(iii). Hence GoN € ON(G).
Conversely, if M € ON(G) then G/M is discrete and thus Gy C M, whence M =
GoM.

(iii) Ad L(G): Let M, N € L(G). Then there exist continuous morphisms @ : G —
Ly and N :G — Ly with kernel M and N, respectively, into Lie groups Ly
and Ly. Now Ly x Ly is a Lie group, and the morphism ¢:G — Ljs x Ly,
g (v (g), »n(g)) has kernel M N N which is therefore in £(G).

The assertion on ON(G) is trivial. O

We note at once that G is a Lie group if and only if {1} € A(G). The following
implications are clear (if G is Hausdorff):

{1} e N(G) = imN(G) = 1 = [\N(G) = {1}.

Remark 3.3. For a locally compact group G, the following statements are equivalent:
(1) G is a pro-Lie group.
(2) N(G) contains a compact set and (YN (G) = {1}.
(3) ImN(G) = 1.

Proof. In view of Lemma 2.4 and Proposition 2.6, the proof is an easy exercise. O

Recall from Definition 0.1 that a topological group G is a residual Lie group if the
continuous group homomorphisms from G into Lie groups separate the points.

Proposition 3.4. Assume that G is locally compact and a residual Lie group. Then we
have the following conclusions:

) NON(G) = cloyg, Go
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(i1) If there is an N € N(G) such that the intersection Go N N is compact, then
NON(G) = Gy.

Proof. (i) By Proposition 3.2(ii), ON(G) = {GoN: N € N(G)}. The assertion now
follows from 1.5(iv).

(i) By Lemma 1.7 applied with H = G¢ and F = N(G) we have Gy =
ﬂNeN(G) GoN. By Proposition 3.2(ii) this is the assertion. O

Proposition 3.5. Let G be a topological group.
(a) Assume that G is a subgroup of some product of Lie groups.
Then lim L(G) = 1.
(b) Assume that G is locally compact and consider the following conditions:
(A) G is a residual Lie group.
B) NN(G) = {1}.
(C) G is a pro-Lie group.
(D) G is topologically isomorphic to a closed subgroup of some product of
Lie groups.
(1) G is an SIN-group.
(2) G is maximally almost periodic.
Then (A) & (B) and (C) < (D), and (1) = (C) = (A) <= (2). However, (A) % (C),
(A) % (2). (©)# (2), (2) (O and (O) (1)

Proof. (a) Assume that G is a subgroup of a product Hje ;7 L; of Lie groups L;. We
claim that im £(G) = 1. For a proof consider an identity neighborhood U of G. Then
there is a finite subset F' C .J and identity neighborhoods U; of L; for j € F such that,
with U; = L; for j € J\ F, we have

anlJu;cu.
J€d

Let us write pr:[] jed Li =TI jEF L; for the projection onto the partial product which
is a Lie group Lp. Set N = G Nkerpp. Then Np is a closed normal subgroup of
G contained in [];. ; U; and hence in U. Also, the restriction pp|G: G — Lp has the
kerne! Ng which, by Definition 3.1(ii), is contained in £(G). Since Np C U and U was
an arbitrary identity neighborhood of G, the claim is proved.

Proof of (b): (B) implies (A) is trivial.

(A) implies (B): Let 1 # h € G. Then there is a morphism f:G — L into a Lie group
L with f(h) # 1. Now N = ker f € N(G) by 3.2().

(C) implies (D): Every pro-Lie group is a closed subgroup of a product of Lie groups.

(D) implies (C): By (a) above, lim £{G) = 1. Since G is locally compact, by Proposi-
tion 3.2(i) we know N (G) = L(G). Remark 3.3 now shows that G is a pro-Lie group.

(2) implies (A): The homomorphisms of a compact group into Lie groups separate
points.

(1) implies (C): See [7, 2.11(1)], see also [2,11].
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(D) implies (A): The projections of a product separate the points. Hence the morphisms
from G into Lie groups separate points.

Since not every residual Lie group is a pro-Lie group as Example 0.3(a) illustrates, (A)
does not imply (C). There exist Lie groups that are not maximally almost periodic, for
example S1(2, R). Thus (A)# (2) and (C) # (2). Locally compact residual Lie groups
that are not pro-Lie groups were constructed in Example 0.3, showing that (A) # (C).
Lie-groups that are not SIN-groups abound; again, S1(2, R) is an example ready at hand.
Thus (C) %4 (1). O

Part (b) of Proposition 3.5 shows, among other things that the additive group of a
metrizablc topological vector space cannot be a subgroup of a product of Lie groups,
because the unit ball around O cannot contain nontrivial additive subgroups.

The ideas of the proof of (a) can be exploited to yield the following observation (see
[11, Lemma 5.2]):

If a Lie group G is a subgroup of a product of topological groups, then it has an
isomorphic copy in a finite partial product.

Proposition 3.6. Fora locally compact group G the following statements are equivalent:
(1) G/Gy is a residual Lie group.
(2) NON(G) = G.

Proof. (1) implies (2): By Proposition 3.5 we have (YN (G/Gg) = {1}. Thus for g ¢ Gy
there is a closed normal subgroup N containing Gy but not containing g such that
G/N = (G/Go)/(N/Gy) is a totally disconnected Lie group and thus is discrete. Hence
N is open and thus N € ON(G).

(2) implies (1): Let g ¢ Go. Then by (2) there is an open normal subgroup N such that
g ¢ N.The group G/N is discrete, hence is a Lie group. Thus there is a homomorphism
from G/Gy into a Lie group which does not contain gGy in its kernel. D

4. Canonical constructs for a residual Lie group

Recall that a group is called a residual Lie group if the morphisms into Lie groups
separate its points. In Definition 3.1(i1) we defined the filter basis N(G).

Theorem 4.1. Assume that G is a topological group. Then the following statements are
equivalent:

(1) G is locally compact.

(2) There is an N € N(G) such that for all M € N(G) with M C N the factor
group N/M is compact.

If these conditions are satisfied, then G () is a pro-Lie group.

Proof. We apply Proposition 2.2 with F = AN(G) and conclude the equivalence of
(1) and (2) as well as the existence, under these conditions, of an M € AN(G) such
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that M = ker far 1s compact. By Lemma 2.1(i), for every identity neighborhood W
of Gug)y we find an N € N(G) such that N € M and NCWw. Clearly, NCcM
is compact. Also, GN(G)/N >~ G/N by Lemma 2.1(iv). Hence GN(G)/N is a Lie
group by the definition of A'(G) in Definition 3.1. Hence G /(¢ is a pro-Lie group by
Definition 0.1¢i1). O

Theorem 4.2. Let G be a locally compact residual Lie group and assume that it contains
an almost connected open normal subgroup. Then
G = i G/N
v = lim /
is a locally compact pro-Lie group, and v : G — G n(c) is an equidimensional immersion.
It is an isomorphism of topological groups if and only if G is a pro-Lie group.

Proof. Let H denote an almost connected open normal subgroup of G which exists by
hypothesis. Note that H € A(G). Now we apply Lemma 2.11 to H and the filter basis
H = {N e N(G): N C H}. We find an N € H such that N/M is compact for all
M e N(G) with M C N. By Theorem 4.1 the group Gar(c) is a locally compact
pro-Lie group. Theorem 2.15 shows that <y is an equidimensional immersion. Now G is
complete as a locally compact group. Hence by Proposition 2.3, the immersion « is an
isomorphism if and only if im M{G) = 1. By Remark 3.3 this is the case if and only if
G is a pro-Lie group. O

We have observed that G is a Lie group if and only if {1} € N(G), in which case
v:G — Gy is trivially an isomorphism. The set N'(G)* L N(G) \ {{1}} may
or may not be a filterbase. If G = R, it is not; cf. the remarks at the end of [12,
p. 260, for the consequences. If G = SI(2, R), the universal covering group of SI1(2, R),
it is. If N(G)* is a filterbase, then even for a Lie group G, the group Gy (g is a
locally compact non-Lie group; in that case v:G — Ga(g)= is an equidimensional
immersion into a finite dimensional group, see [12, Theorem 4.1]. Compare also [17,
Section 8].

Example 0.3(b) shows that there are even totally disconnected locally compact residual
Lie groups which do not have an almost connected open normal subgroup (which, in
the present case, would simply be a compact open normal subgroup). Also, some of
the examples in Example 0.3 (namely, those with infinite D) show that there are totally
disconnected locally compact separable metric groups for which G () is not locally
compact.

The filter basis N'(G)o

We apply Propositions 2.8 and 2.2 to the filter basis F = A/(G) and recall that N'(G)o
is the filterbasis of all identity components Ny of normal subgroups N € N(G). Then
dim G/Ny = dim G/N and there is a dense equidimensional immersion of a Lie group
L which is locally isomorphic to G/N into G/Ng; compare [12, Theorem 4.1].
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Theorem 4.3. Assume that G is a locally compact group with the property that
NN (G)o = {1}. (This is the case if G is a residual Lie group.) Then lim N (G)y = |
and vy : G — G (), is an isomorphism of topological groups; that is, G is a projective
limit of finite dimensional locally compact groups.

Proof. This is a direct consequence of Lemma 2.5 and Proposition 2.3. O
The filter basis N'(G)|Gy

Next we consider on G the filter basis
N(G)|Go = {GoNN: N € N(G)}.

Obviously, if G is a residual Lie group, we have (YN (G)|Gy = {1}. Now Proposi-
tion 2.12 and Theorem 2.15 show:

Lemma 4.4. Let G be a locally compact residual Lie group. Then

Gn)G, = (GoNN)

lim G/
NeN(G)

is locally compact and ' : G — Gar(a)jq, is an equidimensional immersion.

For simplicity of the notation we abbreviate N'(G)|Gp by F in the following lemma
and its proof. We denote by

fn:Gr = G/(GoNN)

the natural morphism and set N = ker fy and N* = fA',l(N/GO N N). Then G/(Go N
N) = Gz/N, cf. Lemma 2.1(iv).

Lemma 4.5. Under the hypotheses of Lemma 4.4 we have
@ ~v~YN)=GoN N.
(i) "' (N*) = N.
(iii) The assignment N — N* gives a surjection from N(G) onto N (Gx).
(iv) (Gx)o = limyenr gy Go/(Go N N).
(v) The map v*:G /Gy — Gr/(Gr)o, v*(9Go) = Y (9)(Gx)o is an isomorphism
of topological groups.

Proof. (i) Let g € G be such that (g(GoNM)) men ) = 1(g) € N = i ({GonNY).
This means that g(Go N N) = Go N N; thatis, g€ GoN N.

(ii) is similar,

(iii) Let N € N(G), then N/(GoNN) = N*/N;. Then we have isomorphisms G/N =
(G/(GoNN))/(N/(GoNN)) 2 (Gg/N)/(N*/N) = Gx/N*, whence N* € N(Gx).
Let M € N(Gx). Then +'~1(M) is the kernel of the morphism g — v/ ()M : G —
Gx/M. Hence N f v'~Y(M) € N(G) by Proposition 3.2(i), and (ii) yields N* =
Y (N)= M.
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(iv) Let (gn{GoNN)) nenr() be an element of (G +)o. This implies that g (GoNN) €
N((Gxlo) C{G/{Gon N))o for every N € N(G). According to Lemma 1.4(b)(i1),
we have (G/(Go N N))o = Go/(GoN N). Thus gy € Go for every N € N(G), and we
have proved that (Gr)o = limyear(a) Go/(Go N N).

(v) For N € F the function fy:Gx — G/(Gp N N) is a quotient morphism by
Lemma 2.1(iv), and (G/(Go N N))o = Go/(Go N N) as was observed in the proof of
(iv) above. Since G/N is a Lie group by definition of F, then Go/(Gy N N), being
injected into G/N by g(Gy N N) — gN, is a Lie group by Proposition 3.2(i). Thus by
Lemma 1.4(b)(v) the map fx maps (G r) onto G/ (GpNN). We abbreviate Gx/(Gr)o
by Q. Now fx induces a quotient morphism

Fn:Q— (G/(GoﬂN))/(Go/(GoﬁN)) — G/Gy

defined for A = (gar(Go N M))mer € G by FN(MGr)o) = gnGo. f M C N in
F, then g;,llgN € GoN N C Go. Thus Far(AM(Gx)o) = Fn(AMGx)o). Hence, we have
an unambiguously defined morphism F:Q — G/Gy, F = Fy for any N € F. We
notice (F ov*)(9Go) = F(v'(9)(Gx)o) = F((9(GoNM))mer(Gr)o) = gGo. Further,
F(MG#£)o)) = | means gnGo = Fy(A) =1 for all N € F and this means gy € Go,
ie, A= (gm(GoNM))mer € limyer Go/(GoNN) = (Gx)o. Therefore F is injective
and thus is the inverse of v*. O

Theorem 4.6. Let G be a locally compact residual Lie group and set I" e N(@ONGy =
limNGN(G) G/(GoN N) Then
(i) 7' : G — T is an equidimensional dense immersion into a locally compact residual

Lie group.

(i) To N N is compact for all sufficiently small N € N(I').

(iii) Iy = NYON(I); that is, I'/ Iy is a residual Lie group.

(iv) 7' : G — T induces an isomorphism of topological groups v*:G /Gy — I'/ T,
7*(9Go) =¥ (9)1o.

(v) G/Gy is a residual Lie group.

Proof. (i) follows from Lemma 4.4.

(ii) Recall from Lemma 4.5(iii) that N(I") = {N*: N € G}. We have [, " N* =
fn'(GoN N) and this group is limyspena)(Go N N)/(Go N M). By Lemma 2.11,
there is an N € N(G) such that (GoN\N)/(GoNM) is compact for all N O M € N(G).
Thus the limit is compact. Hence I N N* is compact.

(iii) From (ii) and from Corollary 3.4(ii) we know that (\ON(TI") = I.

(iv) follows from Lemma 4.5(v), and (v) is an immediate consequence of (iii) and
(iv). 0O

Definition 4.7. A topological group G is called residually discrete if the continuous
group homomorphisms into discrete groups separate the points of G.

Obviously, a residually discrete group is a residual Lie group.
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Proposition 4.8. For a locally compact group the following conditions are equivalent:
(1) G is a totally disconnected residual Lie group.
(2) G is residually discrete.

Proof. (2) implies (1): Assume that G is residually discrete. For every continuous mor-
phism f:G — D of D into a discrete group we have f(Go) C Dy = {1}. Since these f
separate the points we have Gy = {1}. Thus G is totally disconnected. As noted before,
G is trivially a residual Lie group.

(1) implies (2): Let g # 1 in G. There is a morphism f:G — L into a Lie group
L such that f(g) # 1. By Proposition 3.2(i) the quotient G/ ker f is a Lie group, and
we may therefore assume that f is itself a quotient morphism. Then L is a quotient of
a locally compact totally disconnected group. By Lemma 1.4(b)(vi), the quotient L is
therefore totally disconnected, and, as a Lie group, is discrete. The assertion follows. DO

As a consequence we obtain:

Corollary 4.9. If G is a locally compact residual Lie group then G/Gy is a locally
compact residually discrete group and Gy is a pro-Lie group.

Proof. As a locally compact connected group, Gy is a pro-Lie group [14]. By The-
orem 4.6(iv), G/Gy is a residual Lie group. By Proposition 4.8, therefore, G/Gy is
residually discrete. 0O

In many respects, this result reduces questions on locally compact residual Lie groups
to the totally disconnected case. Examples 0.2 (with L finite), 0.3, and 0.4 illustrate what
may happen in this context. Example 0.2 yields with L = R/Z a locally compact group
for which G/Go = Z is discrete and which is not a residual Lie group while other
properties of G are quite decent (G is two step solvable, Gy is an Rp-dimensional torus).
Thus there are locally compact groups G such that G/Gy is discrete, hence certainly
residually discrete, and Gy is a pro-Lie group, but G is not a residual Lie group and thus
cannot be injected into a residual Lie group by a continuous homomorphism.

5. Varieties generated by Lie groups

A class of topological groups closed under the operations of forming subgroups, Haus-
dorff quotient groups and arbitrary products is called a variety of Hausdorff groups.

A quite natural variety of Hausdorff groups is the class of all Hausdorff SIN-groups.
The classes that we have studied up to this point in this paper, however, do not form
varieties of Hausdorff groups. Let {2, denote the class of pro-Lie groups, {2 the class
of all residual Lie groups, and {2uap the class of all maximally almost periodic groups.
Then we have:
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Proposition 5.1. None of the classes (2, S2es and S2uap forms a variety of Hausdorff
groups.

Proof. The additive group of rational numbers (with its usual topology) belongs to
U(2pr0), but is not a pro-Lie group. Thus 2, is not a variety of Hausdorff groups.

For every completely regular topological space X there exists the free topological
group F(X) over X, see [8, Theorem 8.8], cf. also [5, Section 4]. It is known (cf. [8,
proof of Theorem 8.8]) that the morphisms of topological groups from F(X) to (compact)
unitary groups separate the points of F'(X). Thus F'(X) is a residual Lie group, and an
MAP-group, as well. However, every Hausdorff group G is completely regular. Since G
is a quotient of F(G), cf. [8, Theorem 8.8(iii)], we obtain that U(2s) and V(2uap)
both equal the class of all Hausdorff groups. Since there are Hausdorff groups that are
not residually Lie groups (and thus not maximally almost periodic, see Proposition 3.5),
the assertion follows. O

Definition 5.2. Let A denote the class of (finite dimensional) real Lie groups and 0(A)
denote the variety of Hausdorff groups generated by the class A.

Although a nontrivial variety of Hausdorff groups is necessarily rather big, 28(A) does
not include (2.; for example, no infinite dimensional Banach space belongs to U(A),
see [15].

We restate Proposition 3.5 including the use of U(A). Recall the definition of £{G)
from Definition 3.1(i1).

Proposition 5.3. Let G be a topological group.
(a) If G € B(A), then lim L(G) = 1.
(b) Assume that G is a locally compact group and consider the following conditions:
(A) G is a residual Lie group.
®) NN(G) ={1}.
(C) G is a pro-Lie group.
(D) G is a member of the variety of Hausdorff groups T(A).
(1) G is an SIN-group.
(2) G is maximally almost periodic.
Then (A) & (B) and (C) & (D), and (1)= (C)=(A) < (2). However, (A) % (C),
(A) #(2). (C)#(2), (2) #(C) and (C) % (1).

Proof. (a) Since the class of Lie groups is closed under finite products, closed subgroups,
and Hausdorff quotients, it follows from Theorem 7 in [16] that the members of 2(A)
are exactly those groups that are isomorphic to some closed subgroup of a product of
Lie groups. Assertion (a) now follows from Proposition 3.5(a).

Proof of (b): We have seen in the proof of (a) above that for locally compact groups,
conditions 3.5.b(D) and 5.3.b(D) are equivalent. Then the statements of Proposition 5.3(b)
are exactly those of Proposition 3.5(b). O
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By the very definition of a variety of Hausdorff groups, if G is in U(A) then G/Gy
is in V(A). The class of residual Lie groups is larger than U(A). It is not immediately
clear that if G is a residual Lie group then G/Gp must be a residual Lie group. However,
Corollary 4.9 establishes this fact.

If G is a pro-Lie group, then G/Gj is a pro-Lie group as well, because in this case the
filter basis {N/Go: N € ON(G)} has a compact member; cf. Propositions 2.6 and 2.3.
Conversely, it is shown in [1] that a locally compact group G is a pro-Lie group if and
only if G/Gy is a pro-Lie group and G is an L-group, that is, a group satisfying condition
(L) of Proposition 0.8.
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