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ON VARIETIES OF ABELIAN TOPOLOGICAL GROUPS
WITH COPRODUCTS
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Abstract

A class of abelian topological groups was previously defined to be a variety of topological groups with
coproducts if it is closed under forming subgroups, quotients, products and coproducts in the category of
all abelian topological groups and continuous homomorphisms. This extended research on varieties of
topological groups initiated by the second author. The key to describing varieties of topological groups
generated by various classes was proving that all topological groups in the variety are a quotient of
a subgroup of a product of groups in the generating class. This paper analyzes generating varieties
of topological groups with coproducts. It focusses on the interplay between forming products and
coproducts. It is proved that the variety of topological groups with coproducts generated by all discrete
groups contains topological groups which cannot be expressed as a quotient of a subgroup of a product of a
coproduct of discrete groups. It is proved that the variety of topological groups with coproducts generated
by any infinite-dimensional Hilbert space contains all infinite-dimensional Hilbert spaces, answering an
open question. This contrasts with the result that a variety of topological groups generated by a topological
group does not contain any infinite-dimensional Hilbert space of greater cardinality.
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1. Introduction

In the 1930s Garrett Birkhoff and B.H. Neumann defined varieties of groups as the
classes of groups satisfying certain laws or equivalently as classes of groups closed
under the operations of forming subgroups (S ), quotient groups (Q) and arbitrary
Cartesian products (C). Moreover Hanna Neumann in [15] noted that if Ω is any
non-empty class of groups and V(Ω) is the smallest variety of groups containing Ω,
then V(Ω) = QS C(Ω). Denote by Ab the variety of all abelian groups. In the next
theorem we summarize relevant results on varieties of groups from [14] (where Z is
the additive group of integers).

Theorem 1.1. Let Ω be any non-empty class of abelian groups.
(i) V(Ω) = QS C(Ω);
(ii) Ab = V(Z), i.e. the variety Ab is singly generated;
(iii) the number of distinct varieties of abelian groups is ℵ0.


